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Abstract

We construct a series of examples of Calabi-Yau manifolds in arbitrary dimension and com-
pute the main invariants. In particular, we give higher dimensional generalisation of Borcea-
Voisin Calabi-Yau threefolds.

We compute Hodge numbers of constructed examples using orbifold Chen-Ruan coho-
mology. We also give a method to compute a local zeta function using the Frobenius mor-
phism for orbifold cohomology introduced by Rosen.

As an application we observe that some of constructed Calabi-Yau manifolds are unira-

tional with a purely inseparable map from the projective space (Zariski manifold).
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Chapter 1

Introduction

This thesis is devoted to the study of arithmetic properties of Calabi-Yau manifolds obtained
as a quotient of Calabi-Yau type variety by an action of a finite group.

Calabi-Yau manifold is a complex, smooth, projective (Kihler) manifold X satisfying
() Ky =0y,
(i) HOy =0for0 <i <n=dimX.
Equivalently
(1’) there exists a nowhere vanishing holomorphic n—form on X,
(i1’) there are no global holomorphic i—forms on X, for0 <i < n.

There are several different definitions of Calabi-Yau varieties, by the famous Calabi-Yau
theorem, all definitions are “almost” equivalent. We shall stick to the above definition, in
particular we do not assume that a Calabi-Yau manifold is simply connected.

Calabi-Yau manifolds are subject of intensive studies, motivated by their possible appli-
cations to physics in the so called string theory. String theory predicts that our universe
is not just four-dimensional (time-space), but ten-dimensional. The extra six dimensions or
complex three “compactify” to a Calabi-Yau variety.

For a compact complex manifold X we define a Hodge number of X as the dimension of

the Dolbeult cohomology:

h™(X) = dim: H/Q'(X), for0<i,j<n:=dimX.



Hodge numbers are very important invariants of a compact complex variety. The Euler char-

acteristic and the Betti numbers may be expressed as

i-th Betti number b, = ) h™(X),

pHq=i

the Euler characteristic e(X) = 2 (=D pPra(X).

0<p.q<2n

The Hodge numbers A"/ (X) may be visualized as the Hodge diamond, all elliptic curves

and all K3 surfaces share the same Hodge diamonds

1
0 0
1 1 20 1
1 1 0 0
1 1
Elliptic curve K3 surface

The situations is more complicated already in the case of n > 3, there exists Calabi-Yau
threefolds with different Hodge diamonds, in fact we even do not know if the number of
Hodge diamonds of Calabi-Yau threefolds is finite.

Serre duality implies that Hodge diamond is invariant under central reflection (279(X) =
h"~P"=4(X)). By the Hodge symmetry the Hodge diamond is also invariant under the reflec-
tion in the vertical diagonal (h”?(X) = h??(X)).

For a Calabi-Yau manifold X of dimension n,
X)) =h""(X)=hn"(X)=h"(X)=1 and A°X)=hn%(X)=0, for 0<i<n,

hence the Hodge diamond in that case has the following shape:

1
0 0
hl’l
0 0
1 hn—l,l . hl,n—l 1
0 : 0
hnfl,nfl
0 0
1



A three dimensional Calabi-Yau manifold has two non-obvious (not equal 0 or 1) Hodge

numbers
h"(X) = h**(X) = rank Pic(X) and A*'(X) = h'?(X) = dim Def(X),

the Hodge diamond of a Calabi-Yau threefold has the following shape

Based on considerations in the string theory physicists made several predictions concern-
ing properties of Calabi-Yau manifolds, the most famous unsolved mathematical problem
inspired by the string theory is the Mirror Symmetry Conjecture. There exists several math-
ematical formulations of the Mirror Symmetry Conjecture, in the simplest version it predicts
that for a non-rigid Calabi-Yau threefold X, there exists Calabi-Yau threefold Y such that the
Hodge diamonds of X and Y are rotated by 90° i.e.

AN (X) = h"2(Y) and AYA(X) = AVN(Y).

Calabi-Yau manifolds can be considered as the higher dimensional counterpart of elliptic
curves, thus apart from the motivations coming from physics, Calabi-Yau manifolds provide
a very interesting framework to study from the point of view of classification of algebraic
varieties and arithmetic.

One of the most important method of constricting new examples of Calabi-Yau manifolds
are quotients of projective varieties by a finite group. Generally such quotients are often sin-
gular and we have to perform a resolution of singularities as a second step of the construction.

If we want to get a Calabi-Yau manifold as a result we have to consider a so called crepant
resolution of singularities which has no discrepancy in the canonical class. Unfortunately in
many natural situations no crepant resolution exists. Moreover if a crepant resolution exists,
often it is difficult to construct.

In Chapter 2 we shall collect and introduce necessarily information that we need in fur-

ther part of the presented thesis. We start by introducing basic properties of the quotient
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singularities c / G where G C SL,(C). Then we shall explain in details toric resolution of
singularities which provides a method of describing crepant resolution of the quotient singu-
larities in terms of subdivision of the junior simplex. We give explicit examples and discuss
known results particularly in dimensions 2, 3 and 4.

Next part of this chapter is devoted to an orbifold cohomology theory for finite quotients.
W. Chen and Y. Ruan introduced

C(g)
H(l)rjb <X/G> - @ Hi—age(g),j—age(g)(U)) ,

[g]€Conj(G) (U EA(8)
where Conj(G) is the set of conjugacy classes of G, C(g) is the centralizer of g, A(g) denotes
the set of irreducible connected components of the fixed points set of g € G and age(g) is an
integer associated to a matrix corresponding to linearized action of g.

An important application of the Chen-Ruan cohomology is the possibility of computing
Hodge numbers of a crepant resolution of singularities of a quotient variety, without referring

to an explicit construction of such a resolution. In fact

TN
a1 (%/) =1 (¥ )

TN
where X / G 18 a crepant resolution of finite quotient X / G

Using Chen-Ruan orbifold cohomology we shall find a formula for Hodge numbers of a

quotient variety of type X1 X X2 X ..

XX, / Zg_l’ where X, are Calabi-Yau type manifolds
with purely non-symplectic Z ,-action.

In the further parts we shall recall stringy orbifold Euler characteristic for the quotient
of an manifold by the finite group. This formula was introduced by Dixon, Harvey, Vafa
and Witten in string theory as the hypothetical correct Euler characteristic formula of a finite
quotient. This formula, just like Chen-Ruan cohomology, may be used to compute the Euler
characteristic of a crepant resolution of finite quotients.

Then we briefly discuss topological and holomorphic Lefschetz numbers. We shall use
them in further parts of thesis to obtain new relation between parameters attached to Calabi-
Yau type varieties, especially K3 surfaces.

The next section is devoted to study the Zeta function of finite quotients of Calabi-Yau

manifolds. The computations of the Zeta function of a variety is much more delicate. Merging

Chen-Ruan cohomology with Rosen’s result we find an effective methods of computation of
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the Zeta function of a quotient variety of type X XXy X ... X X, / ZZ_l , where X, are Calabi-
Yau type manifolds with purely non-symplectic Z ,-action.

A large class of arithmetically significant Calabi-Yau threefolds was constructed as a res-
olution of singularities of a fiber product of rational elliptic surfaces. We end this chapter
with a short and necessary introduction to rational elliptic surfaces.

In Chapter three we focus on Cynk-Hulek construction of higher dimensional Calabi-Yau
manifolds involving elliptic curve E,; with automorphism of order d = 2, 3, 4. Authors proved

that the quotient of E/; by a group
{m,my, ... m)EZ): m+my+..+m, =0} Z';_l

which preserves the canonical bundle @ E" admits a crepant resolution of singularities

/E'—"\/
d/ZZ_l_

Consequently they obtained n-dimensional Calabi-Yau manifold.

The aim of this chapter is to construct a toric crepant resolution of singularities of Calabi-
Yau manifold constructed by Cynk-Hulek which uses elliptic curve E, admitting purely non-
symplectic automorphism of the missing order 6. Iterated approach originally used by Cynk
and Hulek cannot be adopted in the case d = 6. Moreover using introduced methods in
chapter 2, we compute Hodge numbers and local Zeta functions of all resulting Calabi-Yau
manifolds.

In the next chapter we shall use Cynk-Hulek construction in order to extend result of
Katsura-Schuett to obtain higher dimensional Calabi-Yau manifolds, which are Zariski va-
rieties. As a corollary we obtained in any odd characteristic p # 1 (mod 12) a unirational
Calabi-Yau manifold of arbitrary dimension.

The fifth chapter focus on the classical Borcea-Voisin construction of Calabi-Yau three-
folds which produces important examples in context of mirror symmetry. Let E be an elliptic
curve and let S be a K3 surface, both admitting non-symplectic involutions a5 and a, re-

spectively, and consider the quotient SXE / ae X o, Obviously such quotient is singular and
s X Qg
/\/

SxE/

is a Calabi-

have cyclic singularities. A crepant resolution of singularities 0o X 0
S E

Yau threefold with Hodge numbers

A'=114+5N"—=N and A'"?=11+5N - N,



where N is the number of curves in Fix(ag) and N’ denotes the sum of genera of all curves
in fixed locus. Voisin used Nikulin’s classification to show that constructed threefolds have
a “mirror partner” for all but one of the examples with N’ # 0.

A. Cattaneo and A. Garbagnati generalized the Borcea-Voisin construction allowing non-
symplectic automorphism of a K3 surfaces of higher orders. They computed Hodge numbers
of resulting threefolds by careful study of an explicit construction of a crepant resolution.

We shall give higher dimensional generalisation of the classical Borcea-Voisin threefold

n—1
by considering quotient Sa X E,

/ G for E, and K3 — surface admitting a purely non-
symplectic automorphism of order d = 2, 3,4, 6. We compute Hodge numbers and the Zeta
function of resulting varieties. Moreover in the last section we discuss other similar construc-
tions for future study.

In the final chapter we discuss Schoen’s construction of Calabi-Yau threefolds as a res-
olution of singularities of the fiber product of rational elliptic surfaces. We briefly discuss
known results and give a method of computation of the Hodge numbers of standard Kummer

fiberwise construction by using Chen-Ruan cohomology formula.

Summary of the results

The main original results presented in this thesis are the following:

e Formula for Hodge numbers of a crepant resolution (providing it exists) of the quotient
X XX, X...xX, / Zn=1> where X, are Calabi-Yau type manifolds with purely non-
d

symplectic Z ;-action (Theorem [2.3.3).

e Formula for the Zeta function of the crepant resolution (providing it exists) of the quo-

tient X1 X Xp X ... X X, / Zn=1> where X, are Calabi-Yau type manifolds with purely
d

non-symplectic Z,-action (Theorem [2.7.1)).

n
e Construction of a toric crepant resolution of singularities of the quotient E§ / 71>
6
which completes the construction of Cynk-Hulek for elliptic curves E, admitting purely

non-symplectic automorphism of order 6 (Theorem |3.2.3).

e Two methods of computation of Hodge numbers of Cynk-Hulek varieties X, (Sec

10n 3.3).
e Computation of the Zeta function of Cynk-Hulek varieties X, (Section 3.4).
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e Construction of new arbitrary dimensional Zariski Calabi-Yau manifolds in character-

istic p# 1 (mod 12) (Theoremsd.3.3| [4.3.5] 4.3.7).

e Higher dimensional generalisations of classical Borcea-Voisin construction, computa-

tion of their Hodge numbers and the Zeta function (Chapter JJ).

e Introducing new methods of computations of Hodge numbers of Kummer fibrations of

rational elliptic surfaces (Chapter 6)).
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Chapter 2

Preliminaries

In this chapter we shall collect basic information that we need in further parts of present the-
sis. We shall recall basic properties of canonical singularities. Then we introduce necessarily
background form toric geometry to analyse later existence of a crepant resolution of singular-
ities of the quotient c / G- Where G is a finite group acting on C". We give explicit examples
and collect known results.

Next part of this chapter is devoted to the orbifold cohomology theory for finite quotients
introduced by W. Chen and Y. Ruan and stringy Euler characteristic. Also we briefly recall
basic properties of the zeta function of an algebraic variety and give explicit examples in
dimensions 2 and 3.

We end this chapter by proving formulas for Hodge numbers and Zeta function of a quo-

X, XX, X..

tient variety of type XX, / Zn-1s where X, are Calabi-Yau type manifolds with
d

purely non-symplectic Z ;-action.

§ 2.1 Toric resolution of singularities

2.1.1 Canonical singularities

Assume X is a normal, quasi-projective variety defined over an algebraically closed field of

characteristic 0.

Definition 2.1.1. Pair ()N(, o), where o : X > Xisa proper, regular and birational map and

X 1s a smooth algebraic variety, is called a resolution of singularities of X if

R
c o) o~ (Reg(X)) — Reg(X)

is an isomorphism, where Reg(X) denotes the set of regular points of X.
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By the famous result of Hironaka ([Hir64]), every algebraic variety over algebraically

closed field of characteristic 0 has a resolution of singularities.

Definition 2.1.2. A variety X has canonical singularities if and only if it satisfies the follow-

ing two conditions
(1) the Weil divisor 7K is Cartier for some integer r > 1,

(i1) for a resolution f : X — X of singularities of X, and all exceptional prime divisors

{E,;}_, of f we have the following equality
rKy = f* (rKy) + ). ¢,E,
i=1

where a; are non-negative rational numbers for 1 <i < n.

The smallest » > 1 for which »K is Cartier in a neighbourhood of singular point P € X
is called the index of P.

The surface canonical singularities are exactly nonsingular points, together with so called
Du Val surface singularities (see [Reib] for a proof) i.e. the hypersurface singularities given

by the following equations:

Type A,: x*+y*+z""'=0 forn>1,
Type D,: x*+y*z+z"'=0 forn>4,
Type E;:  x*+y +z=0,

Type E,: x*+y +yz’ =0,

Type Eg: x*+y +2z° =0.

Du Val singularities are also known as simple surface singularities, rational double points or
Kleinian singularities.

The Q-divisor
1 n
A, i=— E E.
X r P al i

which satisfies Ky, = f*Ky + Ay is called discrepancy of f. In the Minimal Model Program

crucial role play two types of singularities:
e X has terminal singularities if a, > 0 for 1 <i < n,
e X has log-terminal singularities if a, > —1 for 1 <i < n.

10



N
In our constructions we use resolution of singularities X which is a variety with trivial

canonical divisor K, (Calabi-Yau type condition).

Definition 2.1.3. A resolution f : X - X of a canonical singularities is crepant if a, = 0
forl <i<nie.
K5 = f"Ky.

The name “crepant” was coined by M. Reid by removing “dis” from the word “dis-
crepant”, to indicate that the resolutions have no discrepancy in the canonical class.
2.1.2 Quotient singularities

Let G € GL,(C) be a finite subgroup. By the Hilbert basis theorem, the ring of invariants
ClX,, X, ..., X, 1
is finitely generated. Consider the quotient variety
© /G 1= Spec CIX|, X, ..., X, 1°.
Definition 2.1.4. Singularities of c / G are called quotient singularities.

Any Du Val surface singularity is isomorphic to c? / G> Where G C SL,(C) is a finite
group namely G is of one of the following types
Type A, c? / G> Where G 1=y, is the cyclic group of order n with generators:
<C’6L ! ,(,) ) ,  Wwhere ¢, is a primitive (n + 1)* root of unity.

n+1

Type D,: c? / G> Where G = Dy, is the binary dihedral group of order 4(n — 2)
generated by:

Hyu—z and <(l) 6), where i = V1.

Type E;: c / G- Where G = T,, is the binary tetrahedral group of order 24 generated

by:
1 (& Cs?)
Dg and \/§<§8 Cg .

Type E;: c / G- Where G 1= O is the binary octahedral group of order 48 generated

by: .
T,, and <% COS> .
8
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Type E;: C? / G Where G 1= [}, is the binary icosahedral group of order 120 generated

by:
L (&-¢ G-& L (G4 &4
=\ 2 _ 3 4 and — 1 3 .
\/g §5 _CS €5_C5 \/g _§5 CS _CS
In fact the above list is a complete list of conjugacy classes of all non-trivial finite sub-

group of SL,(C) (see [LW12]). Moreover, groups T,,, O, and [,,, are obtained as the lift of
the symmetry group of corresponding Platonic solid under the double cover SU(2) — SO(3).

Definition 2.1.5. Anelement g € G is a quasi-reflection if it is of finite order and g —id, has
rank 1, where id, denotes the identity matrix n X n.

A group G which does not contain any quasi-reflection is called small.

Theorem 2.1.6 (|ST54], [Che55]). The quotient algebraic variety ¢ / G is smooth iff G is

generated by quasi-reflection, and in that case cr / G = C".

Therefore in the study of the quotient singularity ¢ / G» Where G € GL,(C) one may

restrict to quotient singularities for small groups G.

Definition 2.1.7. An algebraic variety is Gorenstein iff it is Cohen-Macaulay and the canon-

ical sheaf wy is invertible.
Theorem 2.1.8 ([Rei80]). Gorenstein quotient singularities are canonical.

Theorem 2.1.9 ([Rei80]], [Tai82]). Let G C GL,(C) be a small finite subgroup which acts
linearly on C". Then c / G has canonical singularities iff any element g € G has a fixed

order d and the action of g on C" has the following linearisation

&0 0 .. 0
0 ¢ 0 .. 0
0 0 0 .. ¢

n
where 0 < a, < d and Z a; > d. Let us denote such an element g by %(al, a,...,a,).
i=1
Moreover

n
e an element g for which Z a; = d corresponds to a crepant exceptional divisor of a
i=1

resolution C" / G

12



° C”/G has terminal singularities lﬁz a; > d forevery g € G.
i=1

Theorem 2.1.10 ([Hin76], [Wat74]). Let G C GL,(C) be a small finite subgroup, then the

following three conditions are equivalent

1. C”/G is Gorenstein,

2.d| Zaiforeveryg ea,

i=1

3. G cSL,(C).

Definition 2.1.11. Let g € GL, (C) be a matrix of finite order and let e**/®1, e*™/%2 ... **ian

be eigenvalues of g for some a,,a,, ..., a, € [0,1) N Q. The sum Z a; is called the age of
i=1

g and is denoted by age(g). Element g with age(g) = 1 is called junior.

The age of G is an integer if and only if det g = 1 1.e. g € SL,(C). Moreover

age(g) +age(g™') =rank(g — I,) € Z.

The age of the element g : = %(al, a,...,a,) (cf.|2.1.9) is equal to

n

age(g) = % Z a;.

i=1

2.1.3 Toric resolution of singularities

This section is devoted to introduce necessarily background from toric geometry. For a com-
plete exposition see [Ful93|] or [CLS11].
Let N be a free Z-module of rank » and let N := N @ , R ~ R" with canonical basis

€,€e,...,€,

Definition 2.1.12. A cone o in Ny, is said to be strongly convex polyhedral if it is generated

by finitely many elements of the lattice N over R,,.

A cone is called nonsingular if it is generated by part of a basis for the lattice.

Let M := Hom(N, Z) be a dual lattice of N and M := M ®, R. The dual cone
6:={me My: (mx)>0forallx €ec} C My

13



leads to a finitely generated C-algebra C[6 N M ] which determines affine toric variety
Xyo :=Spec C[6 N M].

Moreover X ; is smooth iff cone ¢ is nonsingular, in that case
Xy, = CImO) Crn—dim(@)

where dim(c) denotes the dimension of the cone o i.e. dimension of Ro as vector space

over R.

Definition 2.1.13. A fan is a finite collection of strongly convex polyhedral cones C :=

{6,},c; C Npg such that

1) any faceofaconeo € C,i.e. cNH, forsomem € 6and H,, := {x € Ny : (m,x) =

0}, is also a cone in C,
2) any two cones in C intersect in a common face.

Definition 2.1.14. The toric variety X . associated to a fan C is the union of X, ; for each

o € C with glued pairs (X, , Xy , ) along X, , forany o,,0, € C.
Properties of the fan determine geometric properties of the corresponding toric variety.
Theorem 2.1.15 ([CLS11[], Thm. 11.1.9). Every fan C C Ny has a refinement C' such that
e (' is nonsingular (every cone o € C' is nonsingular),
e (' contains every nonsingular cone of C,
o The toric morphism n . Xy = X y is a projective resolution of singularities.
The refinement C' is obtained form C by a sequence of so called star subdivisions.

Now let G ¢ GL,(C) be a finite abelian group of order d. Any element of G can be
written as é(al, a,,...,a,) forsome 0 < g, <d.Letgp: C" — C”/G be the quotient map.

There exists a morphism of toric varieties

o XN,G — XN’G

corresponding to ¢, where 'N is the free Z-module of rank n such that N ¢ N and NV / N =

G. Denote by g := %(al, a,, ...,a,) a primitive element in N which is a lift of an element

1
g= E(al,az, s ay).

14



For any refinement C’ of C by Lemma 11.4.10 in [CLS11] it follows that
Ky, =7 (Kyy )+ D aE.,
recC(l)
where C(1) denotes the collection of 1 dimensional cones in C, E_ is an exceptional divisor
corresponding to 7, a, := age(g,) — 1, where g, is the primitive element in 7.
Therefore if X is a subdivision of C spanned by junior points, then if X; % is smooth,
then it is a crepant resolution of c / G- In other words: crepant resolution of c / G can be

identified with equal-volume triangulation of

N

A, :=convex hullof e, e,, ..., e,in N,

by junior points in N, A, is called junior simplex.

2.1.4 Crepant resolution of C / G

Dimension n =2

In dimension 2, a crepant resolution of a quotient by a subgroup of SI,(C) always exists and

is unique as follows from the classical result of F. Klein ([Kle73]]).

Theorem 2.1.16. Let G be a finite subgroup of S1,(C). The surface C? / G admits a unique

crepant resolution.

The quotients c? / G are the Kleinian singularities of type A, D, E described in{2.1.2,

Consider surface cyclic quotient singularities. Since we restrict our considerations to
small groups, it is enough to restrict to only cyclic quotients of type %(l ,a) with gcd(a,r) = 1.
These singularities may be described by using Hirzebruch-Jung resolutions for details see

[Rei1al].

Definition 2.1.17. Let r > a > 0 be coprime integers. Then the Hirzebruch-Jung continued

fraction of - is the expression
a

=:[a,a,,...,a;],

for some integers a; > 2.

Consider lattice L := Z> + %(1, a)Z containing the lattice Z? as a sublattice of index r.

It’s other cosets are represented by r — 1 lattice points %(i (mod r),ia (mod r)) contained in

15



the unit square of the positive quadrant spanned by (0, 1) and (1, 0), we shall denote this cone
by o.

Now take Newton polygon of all non-zero lattice points inside this square:
1
(2.1.1) eo :(0, 1), el = ;(1,(1), 62, cee g ek+1 :(1,0).
Then we have the following properties:

e Points e;, e, fori =0, ..., k form an oriented basis of L,

e Foranyi=1,..., k we have
ey te_; =ae,
where

r
- = [al,az,...,ak].
a

To perform the resolution we subdivide the positive quadrant with rays generated by e,
ey, ..., e, . Denote by C C C’ the corresponding fans. The refinement C C C’ gives a toric

morphism X, 3 = X, called Hirzebruch-Jung resolution.

Theorem 2.1.18 ([Reia]). Consider cyclic singularity CZ/Z of type %(1, a). For each i =
0,1,...,k, let &(x, ), n,(x, y) be monomials forming the basis of

{(@,p): a+afp=0 (modr)}c2z?

TN

2 2
dual to the basis e;, e, from [2.1.1} Then c /Z has a resolution of singularities c /Z

such that the map
TN~

2 C?
C-"/z
is given in affine charts by

(x,y) = (&(x, y), n,(x, ).

Remark 2.1.19. If 1 + a = r, then by theorem [2.1.18] gives a subdivision of 2-simplex
connecting (0, 1) and (1, 0) into r equal-length segments and hence crepant resolution of sin-

gularity %(1, a).

Example 2.1.20. Consider the cyclic singularity of type é(l, 5). We see that g =[2,2,2,2,2],

the Newton polygon contains junior points
e, =1(0,1), e —1(1 5), e —1(24) e —1(3 3), e —1(42) e —1(5 1), e, =(1,0)
0 ’ ’ 1 6 ’ ’ 2 6 ’ ’ 3 6 ’ s 4 6 B ’ 5 6 9 ] 6 ’ .
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Passing to the lattice of invariant monomials, we mark rational function in each junior
point (1-dimensional simplex) which corresponds to a generator of a dual cone (e;, e, ) for
i = 0,1,...,5. Each rational function (or inverse one) is a coordinate of inverse map of a

resolution of é(l, 5) given in affine charts by

(%) XN AR XN (2N (2N o (X
’x55 y’x47 y23x3’ y3,x2’ y4’x yS, .

Dimension 3

In dimension 3 situation is more subtle. A crepant resolution always exist but it is not unique.
Any two crepant resolutions are related by a sequence of the so called flops (for a details see

[Kol&89])).

Theorem 2.1.21 ([MOP87|], [Roa96]). Let G be a finite subgroup of Sl;(C). Then <[:3/(;
TN

. . 3
admits a crepant resolution C /G Moreover

TN
3
e(C / G> = number of conjugacy classes of G.

Roan gave first complete proof of the crepant resolution of singularities in dimension 3
and is based on case by case analysis of the following classification of conjugacy classes of
finite subgroups of SL;(C):

Type A: A subgroup consisting of matrices

a 0 0
0 g 0 where «, f,y € C.
0 0 vy

17



Type B: A subgroup consisting of matrices

a 0 O
0 a b where «, a,b,c,d € C.
0 ¢c d

Type C: A subgroup generated by an abelian group H €Type A|and

T :=

—_ O O
SO =
S = O

Type D: A subgroup generated by an abelian groups H,T € and

a 00
R :=10 0 b|, witha,b,c e Csuchthatabc =1.
0 ¢c O

Type E: A subgroup of order 108 generated by T and

1 0 O 1 1 1 1
S:=[0 ¢ b| and V:i=——|1 & &
00 ¢ -3\ ¢ ¢
Type F: A subgroup of order 216 generated by and
2
(g
—|l & &I
V=314 1 ¢
Type G: A subgroup of order 648 generated by and
& 00
0 ¢ Of.
0 0 ¢

Type H: Icosahedral group of order 60 generated by [I]and
0 O -1 7. 7,

1
E =0 -1 0| and E3:=% £ ¢, -1 ,wherefi::%<—li\/§>.
0 0 -1 , -1 ¢_
Type H*: A subgroup of order 180 generated by [lype H|and
& 000
W:=[0 & O0f.
0 0 ¢
Type I: Simple group of order 180 generated by [I]and
& 0 0 L6 8- 64
S, =10 & 0 and V :i=—|0 -8 -8 -0
0 0 ¢ VING-G §-8 §-4

18



Type I*: Group of order 504 generated by and [W]
Type J: Group of order 1080 generated by and

-1 0 0
E,:=[0 0o -¢l
0 - 0

Any crepant resolution of X = C’ / G determines a triangulation of the junior 3-simplex
A, into |G| equal volume simplexes, following [[CRO2] we describe an algorithm for subdi-
viding A, into appropriate equal area triangles.

Let G C SL,(C) be a finite abelian subgroup. Denote by L the lattice containing Z* and
generated by all elements in G of the form %(al, a,,as). Let A; be the junior simplex in L

with vertices

Lr,0,0)= (1,0,0), e, = 1(0,r,0)= (0,1,0), e; = £(0,0,) = (0,0, 1).

e = = — = —
r r

T
Let Ri3 be the affine plane spanned by A, and 22A3 =Ln Ri3 its affine lattice. Take

each e, as an origin.

Fori € {1,2,3} (we use indices mod 3) consider the convex hull of the lattice points in

Az \ {e}:

fio fia Sik+
primitive vector primitive vector
along the e;e;_; along the e;e;
Then
fi,j_1 + f,}j+1 = bi,jfi’j forj=1,2,...,k,
hence

1
7’+7- r—(l, b)=2*(fipr Fixs) ¥ Z - firs
where r;, b, be coprime integers defined as Hirzebruch-Jung continued fraction

Fi
E = [bi,l’ bi’z, cee g bi,k[]'

1

According to previous section, drawing lines e, f; ; we get a fan of a crepant resolution of

singularity l(1, b,).
r

i
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Algorithm 2.1.22.

1. Forany i € {1,2,3} and j € {0, 1, ..., k;} draw the line L, ; out of ¢, equal to e, f;;.
Mark the label b, ; above L, ;.

2. Extend L, ; by the following rule:

e if two or more lines meet, the line with greater label (b, ;) is extended with a new

label bi’j -1,

e if two or more lines meet with equal label, the process ends for these lines.

3. Continue the process from 2] as long as it is possible.

From the algorithm[2.1.22|we obtain triangulation of the junior simplex A; into r-regular
triangles i.e. affine equivalent to the triangle with vertices (0, 0), (r,0), (0, r) for some r > 1,
called the side of T .

Finally we make so called regular tessellation of r-regular triangle i.e. subdivision of
r-regular triangles (needed only if » > 1) into r? basic triangles with sides parallel to sides
As.

Let us denote the final triangulation (toric fun) determined by tessellation of all r-regular
triangles in A, by C. In local coordinates the map from C? to the resolution X o of singu-
larity %(al, a,, a,) are given in affine charts by dual cone to any triangle in the triangulation

~

C.

Example 2.1.23. The analysis of the following example will be crucial in[Chapter 3| Consider
£(1,1,4) singularity. One can check that points £(1, 1,4), =(2,2,2) and =(3,3, 0) are the only
junior points in A; (except vertices of the simplex). Therefore by the algorithm [2.1.22] we
can add to A, the following data:
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In fact g =[2,2], ? = [6] and

é(a 0,0) + %(0, 6,0)=6- éﬂ, 1.4),
10,06+ 12,22 =2-20,1,4)
éu, 1L4)+ é@, 3,0)=2- é<2,2, 2),
é<3,3,0) + é(l, 1L4)=2- %(2, 2,2),
1 1 1

-(2,2,2)+ =(0,0,6) =2-—(1,1,4).
o )+ o( ) o )

Dual cone to any triangle in the above triangulation of A, (into 6 triangles) corresponds

to affine chart in local coordinates of the map

3 C?
© =" iy

Since some rational function may corresponds to a common side of two triangles it is conve-
nient to equipped this side with an arrow. Then we read rational functions in accordance with
the agreed orientation of all triangles (including A;), opposite arrow (to the fixed orientation)

on the side indicates inverse of the rational attached to this side in the affine chart.

x6

For example; consider grey triangle. Take duals in monomial ring to the columns of the

following matrix
1

1 0 0) 1 0 0
2/6 2/6 2/6] =|-1 0 2
3/6 3/6 0 0 3 =2

2
obtaining the following rational functions functions f, z3, % opposite to the vertices (1,0, 0),

£(2,2,2), £(3,3,0), respectively,

21



One can directly read that inverse map to the resolution are given in affine charts as
<6zy> xt 22y x> 53y X zZ ¢
XH5—s— > Ty T T ) .2, — ) — Y ’

x4 x z x* x z2 X y
x 22 ) x 3 )
-, =, = or (=,z,—=).
y ¥y oz y =z

Dimension d > 4

The following example shows that in dimensions d > 4 the existence of any crepant resolution

coming from toric resolution is delicate.

Example 2.1.24. Let G = {-1id,id} C€ SI,(C). Then c* / G does not have a toric crepant

resolution of singularities.

Proof. There are no junior points in group G ~ Z,, hence A, cannot be subdivided into 2

equal-volume polytopes spanned by junior points. ]
Example 2.1.24] can be easily generalize to the following one:

Example 2.1.25. Let G be the order d cyclic group
G=((,-id), 1 <d<n,d]|n.
Then & / ¢ has no toric crepant resolution.

In fact ¢" / G has no crepant resolution, because any such resolution of singularities is
automatically toric (see [Roa97]).

S. Davis in her PhD [Dav12] presented several approaches to the problem of existence
of crepant resolution in 4 dimensional case. She gave also algorithm which determines, for
quotients by cyclic subgroup of Sl,(C) whether or not a crepant resolution exists.

It seems that junior points are crucial in the problem of existence of crepant resolution of

a quotient c / G

Theorem 2.1.26 ([[Yam18]|]). Let G be a finite subgroup G C SL,(C), then ian/G has a

crepant resolution then G is generated by junior elements.

In [DH97] D. I. Dais and M. Henk proved that 1-parameter quotient cyclic singularity

2.12) %(r—(n—l),l,l,...,l)

n—1
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has (unique) crepant resolution iff r =0 (mod n — 1) orr =1 (mod n — 1).
Much more study has been done in order to find necessary and sufficient condition for

cyclic (2-parameter) quotient singularities of the the form

2.1.3) l(a,r—a—(;1—2),1,1,...,1)
r ——

n—=2
to have a crepant resolution.
Such condition has been given by D. I. Dais, U. U. Haus and M. Henk in [DHH98|| and
different one by S. Davis T. Logvinenko and M. Reid in [SR12] (see also project webpage:

http://www.cantab.net/users/t.logvinenko/Traps/index.html).
Theorem 2.1.27 ([SR12]). Consider 2-parameter cyclic singularity
(2.1.4) %(a,b,l,l,...,l).
Then:

e ifgcd(r,a,b) > 1, then has a crepant resolution,

o ifgcd(r,a,b) = 1and ged(r,a) > 1 or gcd(r, b) > 1, then has a crepant resolution
iff
1 1
—(O,kl,l‘l,...,rl) aIld _(kz,o,rz,...,rz)
r r

are junior points with

r=r,ged(r,a) =r,ged(r,b) =k, +r(n—-2),

e ifgcd(r,a) =1 i.e. we treat only the case
1
-0,d,c,...,0),
r

wherer = 1+d + (n—2)c. In that case has a crepant resolution iff the following

two condition are satisfying:
— the point nearest to the x, = 0 face of junior simplex is the junior point

1(09 d’ c, ... 70)7
r

— the Hirzebruch-Jung continued fraction of § has every entry congruent to2 (mod n—

2).
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In [DHZ06] D. I. Dais, M. Henk and G. M. Ziegler proved that for all k > 2 and £ > 3

the following quotient singularity

——— (Lk K k72T

admits a crepant resolution.

Recently K. Sato and Y. Sato in [[SS20] used generalization of Hirzebruch-Jung continued
fractions introduced by T. Ashikaga in [Ash19]] to find necessary and sufficient condition for
the so-called Fujiki-Oka resolutions (see [[Ash19], [Oka87]]) of Gorenstein abelian quotient

singularities to be crepant in all dimensions.

Definition 2.1.28. Let r,n > 1 be integers and leta = (a,,...,q,) € Z" with0 < g, <r —1

for 1 <i < n. An n-dimensional proper function is the following symbol

a _ (a,...,a,)
=

If at least one coordinate of a is 1, then % is called semi- unimodular proper fraction.

(a,...,a,) .
The age of an element is defined to be
r
(a,...,a,) 1
oge a (19a29--'9an) . . .
Definition 2.1.29. Let - = ———  be a semi-unimodular proper fraction. Then for
r r

2 <i < n, the i-th remainder map is defined as follows:

a —a;

4, —r%a

1,a,%, ..., q; .., a, )
R<a) (1,a, 1 +1 ), ifa, #0,

= a;

1% ifa, =0,
where x” denotes x (mod y) € {0,1,...,y— 1}, we put also R;(c0) = 0.
The remainder polynomial is a formal polynomial with variables x,, ..., x, defined by

ay ., [a a
R, <;> i= <;>+ Z (Rif°-~°Ri2°Ri1)<;> X X e X

(il,iz,...,if)€{2,3,...,n}f,

£21
we exclude terms with coefficients co or %
The following theorem gives sufficient condition for singularity of type l(1, a,...,a,)
r

to have crepant resolution.
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Theorem 2.1.30. For a cyclic quotient singularity of type l(1, a,, ..., a,), the Fujiki-Oka res-
r

olution is crepant if the ages of all the coefficients of the corresponding remainder polynomial
1,a,,...,aq,
R, <¥> are equal to 1.
r

: (l,ay,....a,) : : : :
Moreoverif R, <# has iterated term (i.e. x;x; ... x;) with coefficient at least
r

. .1 .
2, then singularity —(1, a,, ..., a,), has no a crepant resolution.
r

Example 2.1.31.

X3XpXp,

1,2,3 1,2,3) (1,0,1 1,2,0 1,0,0 1,1,0 1,0,0
R*<< 6 >)=< 29,000,020, 000, ,010, 000

and

age<(1,2,3)> _age ((1,0,1)) =age<(1,2,0)> _
6 2 3
age ((1,0,0)) :age<(1,1,0)> _age <(1,0,0)> .
1 2 2

Remark 2.1.32. The above condition is not necessary: singularity ﬁ(l,S, 6,12) does not

satisfy [2.1.30| (coefficient in x,x, is equal to %(1, 1,1, 1)) but can be resolved in crepant way

(see example 3.12 of [SS20].

In [Sat10] K. Sato found some infinite series of non-cyclic finite subgroups of G C SL,(C)

4 . .. . . ..
such that € / G has a toric projective crepant resolution of singularities.

Theorem 2.1.33 ([SatlO]). Let p be a prime number and let G C SL,(C) be one of the
following group:

1 Ca—D.t —bh-1)) a2
1 (Y.0.ap-a-1.20.1,6.p-b- 1)) =7}
2. <i(1,a,0,p—a— D,10,0,1,p- 1)> ~ 72, where a # 0,
1 .t ) 22
3. (20.1,0p-D.20.0.1p- D) = 22
1 .t _ ol ) ez
4. (10,0,0p- 1,10, 1.6, - .20.0.1,p- D) = Z,

Then C4/G admits crepant resolution in the case and@where ae { 1, %, p—2,p—1 }
and[[lwhere a = b = 1.
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See also [[SS20] for connections between crepant resolution of singularities of c / G when
G can be decomposed to the cyclic components and Fujiki-Oka resolutions.

When the finite subgroup G C SL,(C) is non-abelian, we cannot use toric geometry in
order to find crepant resolution. However, if one can divide the group G into abelian sub-
groups, then we may obtain a crepant resolution as a combination of toric crepant resolutions

of singularities.

Theorem 2.1.34 ([HIS17]). Let G C SL,(C) be one of the following group:

(%(1,0, 0,-1),10,1,0,-1), 10,0, 1, —1)>, where n> 2.

<21—n(1, n—1,1n-1),10,1,0, 1)>, wheren > 1,

<$(1,2n -1,1,2n - 1)>, where n > 2,

<$(1,—1,0,0), Lo,0, 1,—1)), wherem > 3.n > 2.

Let K c SL,(C) be a group generated by

0100
1000
0 0 o 1|ESLO©.
0010

Consider a non-abelian finite subgroup G = (H, K) of SL,(C), then c* / G has a crepant

resolution of singularities.
We and this section with a conjecture proposed by Reid ([Re192])):

Conjucture 2.1.35 ([Rei92]). Let G be a finite subgroup of SL,(C) and let X be a crepant
resolution of X := " / G- Then there exists basis of H *(}, Q) consisting of algebraic cycles
in 1 — 1 correspondence with conjugacy classes of G, such that conjugacy classes with age k
correspond to basis elements of H?¢ (X, Q).

In particular b2k(}) (2k-th Betti number) is the number of conjugacy classes G with age

k, and b2k+1(r)?) =0, so

e(}) = #Conj(G) — the number of conjugacy classes of G.
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§2.2 Chen-Ruan cohomology

In [[CRO4] W. Chen and Y. Ruan introduced new cohomology theory for orbifold. Let X be

a projective variety and G be a finite group which acts on X.

Definition 2.2.1. For a variety X / G define the Chen-Ruan cohomology by

Cle)
(2.2.1) H(’)rjb (X/G> 1= @ <@ Hi—age(g),j—age(g)(U)> )

[g]€eConj(G) \U€eA(g)

where Conj(G) is the set of conjugacy classes of G (we choose a representative g of each
conjugacy class), C(g) is the centralizer of g, A(g) denotes the set of irreducible connected
components of the set fixed by g € G and age(g) is the age of the matrix of linearised action
of g near a point of U.

The dimension of H. <X / G) will be denoted by !’ <X / G) :

Remark 2.2.2. The definition makes sense since age is locally constant along each component
of Fix(g). The components of Fix(g) are not necessarily invariant under the action of C(g), so
in[2.2.1{we need to consider the action of C(g) on the inner direct sum (not on each summand

separately).
If the group G is cyclic of a prime order p i.e G = (@), then formula simplifies to
p—1
i,j ij i—age(a¥), j—age(aF
0 (X/g) =007 8 @ @)
UeA(a) k=l

An important feature of Chen-Ruan cohomology is the possibility of computing Hodge
numbers of a crepant resolution of singularities of a quotient variety, without referring to an

explicit construction of such a resolution.

Theorem 2.2.3 ([Yas04]]). Let G be a finite group acting on an algebraic smooth variety X.
TN

If there exists a crepant resolution X / G Of variety X / G- then the following equality holds

w(Xg) =1 (X/g).

For a systematic exposition of the orbifold Chen-Ruan cohomology see [ALRO7].
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§ 2.3 Hodge numbers of the finite quotient

Let X, be a variety of Calabi-Yau type of dimension n; with purely non-symplectic automor-
phism ¢, , : X; — X, of order d i.e. forany wy € H"O(X,, Oy ) and the fixed d-th root of
unity {,:

‘f’i,da’x,. = gda’x[,

fori =1,2,...,n. Consider the following group
Gy, ={m:=(m,my,....m)EZ, > m+m+..+m =0} ZZ‘l

which acts symplecticly on X, X X, X ... X X, by d):"; on the i-th factor. Suppose that there

exists a crepant resolution X, , of the quotient variety

X, = X, XX, X ... XX"/ZZ‘I’

then X, is of Calabi-Yau type. The aim of this section is to give a formula for the Hodge

number of X, using Chen-Ruan cohomology. We shall use the following obvious lemma:

Lemma 2.3.1. Let V,, V,, ..., V, be vector spaces over field of k containing {,. Assume that
a; € End(V) fori = 1,2,... n is an automorphism of order d. Then the fixed locus of G,
actingon V, XV, X ... XV, by

a1 Gy,2gm al' x...xaf € End(V; XV, X ... xV,)

n

equals

d-1

g?o (V) ® - ® (V)
where (Vi)gdm denotes m-th eigenspace of Z, action on V,, for i € {1,2,...,n} and m €
{0,1,...,d —1}.

Proof. Since the action of G, is diagonalizable we can consider only the tensor product of
eigenvectors v; ® ... @ v, where a,(v;) = CZ"U,.. If m; # m; for some 1 < i < j < n then

consider an element

i—th place Jj—th place

Since we have
mi+(d—1)mj

agij(vl®...®vn):cfd V,...0v,

the vector v, ®...®uv, is fixed by ¥ iff d | m;+(d—1)m; whichis equivalenttom;, = m;. [
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Observe first that fori € {1,2,...,n},0 < m; < d — 1, the automorphism ¢:~1,1§ has local

diagonalization near a point of Fix (q’) ) of the following form

aym; o, m;
(d L )

where C;” c C:"" = {,. Consequently

m;
age <¢:d> =7 + 4,
where 4, is a non-negative integer, moreover 4, is constant along every component of Fix(a,).
Definition 2.3.2. Define
m; m; m;
Xim s = {x € Fix ((i)i’(}) . age (qbl’d) =7 + 4 nearx}
and

Fy,,X.=Y Y  din <HM (Xims) )X””'Y‘I“

4,20 0<p,g<dim X

Theorem 2.3.3. Under the above assumptions

2.3.1) W( ) ZH ( 3 /XY By, (X, Y))[X”Y"]

=0 i=1 m=0

where P[X?Y 1] denotes the coefficients of polynomial P in X?Y1.

Proof. By the Yasuda Theorem [2.2.3]

orb

Hr (X)) = HEE(R,,)

Now by the Kiinneth formula for Hodge groups it follows that

Gn,d
(@)= 3 (Z 3 ) oo () )

meaG, 4 AeNn qu"
Ipl=p—7 Ip|-I4]
|q|=q—§|q|—|u

where A = (4,45, ..., 4,). p =P, P2 -5 P-4 =(q;, 45> ..., q,) and |[A| = A, + A, +...+ 4,
|p| :pl +p2+ +pn7 |q| :ql +q2+ +qn
Since ¢, , (X i, ,11_) = X, ,, . the group G, , acts separately on each summand of the

inner sum, hence by the lemma[2.3.T) we get

d
G D WD WL S Y At S

meaG, ; AEN" p.qeN” j=0
Ipl=p—7 Ip|-I4]
lal=q—7lal~14]
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Taking dimensions and forming the generating function we get

Z Mo (%)Xpyq_ Z Z 2 Z 2 A= ( lem)

0<p.g<dim X, 0<p.g<dim X, , MEG, 4 AEN" j=0 Pl SIEY
lal=q
1+ +mp

o P Rl (Xn,mn,ﬂ ) XPY! - (XY) @ =

Z Z Z( Z hP— An@i—A (lelll)gf XPiya . (XY),,) X

mea, ; AEN" j= P1,4; >0
Dp—Aysq,—A PhVn . oo —
X( Z En= (Xn,m,,,)»n)clfj'X "y (XY)d -
P20

d-1
Z Z 2( Z AP ( . ﬂl)gf Xpqul) (XY)W'%]‘

meaq, ; AEN" j=0 \ p;,q;20

. ( Z APnetn (X",mn,/ln)gj Xpnyqn> (XY

P>y >0

Enlarging the exterior sum Z (...) to Z (...) we introduce only terms with fractional

meaq, 4 mezy
powers of X and Y, hence h?1 (TXZ-;) is the coefficient in X?Y 9 of the following Puiseux

polynomial:

d—1
( Z hPrd (Xl’mwﬁ)gj XPlY‘h) (XY)/11+";—1 .

mEZZ AeN" j=0 \ p;.q;>0
. Pnsd Py a AHon
( h""(Xn’mM) X"Y">(XY)" i =
P+, 20
d-1 n d-1
= /XYy Fy,, (X.Y)
j=0 i=1 m=0

Therefore, in order to compute Poincaré polynomial of X, forany i € {1,2,...,n} itis

enough to produce the following tables
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J :
1 d—-1
k 0 /
0 Fx[,o,o FX[,O,I FX,,O,j FX[,O,d—l
1 FX,-,I,O FX,,I.I FX,-,I,j FX,,l,d—l
2 FX,,z,o FX,,2,1 FX,.,z,j FX,.,z,d—l
d—1 Fx,,d—l,o FX[,a'—l,l Fx,.,d—l,j FX,v,d—l,d—l

I
Uth
Table 2.1: Fy ;,

for any considered variety X;. Then we compute scalar product of vectors vy ; and

g = (1, 40N, VP, .., /X7 yeT)

for 1 < j < n. Finally we multiply all values of Uy, OV for j € {1,2,...,n} and add all
products fori € {1,2,...,n}.

§2.4 Stringy Euler Characteristic

One of the most important cohomological invariant of the finite quotient of compact mani-
folds conjectured by “physicists” is physicists (stringy) Euler characteristic.
Let G be a finite group acting on a compact, smooth differentiable manifold X. For any
gEGlet
X¢:={xeX: gx)=x}.

In [Dix+835}; |Dix+86] L. Dixon, J. Harvey, C. Vafa and E. Witten proposed the following

orbifold Euler number:

X 1 h

2.4.1) emb< /G) =oc Y eXin X",
(g,heGxG
gh=hg
According to [HH90] the formula [2.4.1] can be rewritten as

X . X8

(2.4.2) e ( /G> = Y e ( /C(g)> ,
[g]€Conj(G)

where Conj(G) is the set of conjugacy classes of G (we choose a representative g of each

conjugacy class) and C(g) is the centralizer of g.
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Itis expected that orbifold Euler characteristic e, <X / G) coincides with the topological
Euler characteristic e (X / G) of any crepant resolution of X / G- In fact:

Theorem 2.4.1 ([Roa89] (abelian case), [Bat99]]). Let G C SL (C) be a finite group acting
TN

on smooth algebraic variety X. If there exists a crepant resolution X / G of variety X /G,
then the following equality holds

((X/g) = e (*/5).

Some explicit examples of a group G and possible calculations were studied by T. Hofer
and F. Hirzebruch in [HH90].

We shall use orbifold Euler characteristic in order to find relations between parameters

attached to K3 surfaces in

§2.5 Topological and holomorphic Lefchetz’s numbers

In the following section we review basic information about topological and holomorphic
Lefschetz numbers. We refer to [GH94| and [Pet86].

Let X be a compact oriented manifold and f: X — X any continuous map. The in-
tersection number of the graph I'; of f and diagonal Ay in X X X is equal to the so called

topological Lefschetz number given by the following formula:

Lip(f) 1= D (=D7tr (f*: HYX) - HY(X)).

40

Assuming X is a complex manifold and f a holomorphic map then intersection I, - Ay
may be computed in the case when connected components C of the Fix(f') are non-degenerate

1.e. C 1s a manifold and for any P € C the linear map (id —d f}) is invertible.

Theorem 2.5.1 ([Uen76]). Let X be a compact complex manifold and f . X — X a holo-

morphic map with non-degenerate fixed locus then

(2.5.1) L= D, o),

CeFix(f)

where the sum is taken over connected components of Fix(f).
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Formula holds in particular when f” = id for some n > 1 (see [Car57]]).
The map f acts not only on the de Rham cohomology of X but on the Dolbeault coho-
mology too. Therefore there is a hope that the action of f on H**(X) will be reflected in

local properties of f around the fixed point locus.

Definition 2.5.2. Let X be a compact complex manifold and f: X — X a holomorphic

map. The number

Log(f) 1= D (=17 tr (£*|H*(X))

q20

is called holomorphic Lefschetz number.

According to [AS68b|| and [AS68a] the holomorphic Lefschetz number can be computed
in different way. For our purpose assume that X has dimension 2 and let G be a finite group

of automorphisms of X.

Theorem 2.5.3 ([AS68b]], [AS68al]). For any g € G the following formula holds

Loa(8) = D alP)+ Y b(C,),

jeJ kek

where sets { P;};c; and {C, },cx denote fixed points and fixed curves in Fix(g) and

1 .
P)i=—| here 7, is a tangent space at P,
W= Ga =gy Where Te s atangentsp
1-g(C C?
b(C) := : g(C )—(f 25k where ¢ is an eigenvalue of g on the normal bundle of Fix(g).

§ 2.6 Zeta function of an algebraic variety

Definition 2.6.1. Let g = p* be a prime power and X / [, a variety defined over I,. Then the
zeta function of X /F,_ is defined by

Z,(1) :=exp (Z N, - %) € Q[[#]1,
r=1

where N, is the number of F -rational points of X.

Let X be a d-dimensional Calabi-Yau manifold defined over Q. For a given prime power

g, denote by Frob, the Frobenius morphism i.e.
Frob,(x;,X,,...,X,) = (x‘ll, x5, ... ,xZ) for any (x,, x5, ...,X,) € Yq
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In general it is a very deep problem to compute the zeta function of a given variety. A.
Weil in [Wei49] formulated a series of remarkable conjectures concerning zeta functions;

they are called the Weil Conjectures although since 1974 they are theorems.

Theorem 2.6.2 (Weil Conjectures). Let X be a smooth d-dimensional projective variety de-
— k . . . .

Jfined over the field F, where q = p* is a prime power. Then the function Z (1) satisfies the

following properties:

Rationality: The zeta function is rational i.e.

e, .
Z,(1)= Jor some polynomials P,,Q, € Ql1].
0,0

Functional equation: The function Z (1) satisfies a functional equation:

1 de
Zq <E> =+q:2t Zq(t),

where e is the Euler characteristic of the variety X over C.

Analogon of the Riemann hypothesis:

P () Py (1) ...  Poy_y (1)
Py () - Py (1) - ... Py (D) ’

Z,m=
where Py (1) =1—1, Py, (1) =1— q’t and
bi
Pt =]Ja-a,n
j=1

for1 <i <2d—1, where the a, ; are algebraic integers of complex absolute value |a; ;| = q'/2.

The Lefschetz fixed point formula applied to Frobenius morphism yields
2d
N, = Y (=1 tr (Frob; | H,(X,Q)).
i=0
We define polynomials
(2.6.1) P, (1) = det (1= Frob 1 | H,(X.Q)).

From here one can easily deduce that

22 P (1) Py (1) ... Poy_y (D)
T Py ()P0 Py ()
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in particular polynomials from [2.6.1|coincide with polynomials defined in Riemann hypoth-
esis (iii) in[2.6.2]

Now we define i-th L series of X by the following rule:

(= 1
L, (Hf (X,@ )s) =01 57
A ,H P
where P is the set of primes of good reduction and (*) denotes suitable Euler factors for the

primes of bad reduction. Usually, the d-th L series L (H g‘i (Y, Q), s) we denote by L(X, s).

Definition 2.6.3. The Hasse-Weil zeta function of X is defined by

H;jzo in_l(X’ s)
I, Ly(X,s)

¢(X,s) =

We denote by
-y
EQ,s) 1= n§=1', e

the Riemann zeta function.

2.6.1 Examples

Elliptic curve

Let g = p" be any prime power. The zeta function of elliptic curve E over F_ has the following

form:
1—a,T +qT?

(1-T)(1—-qT)

Z,(E[F)T) =

where

a,=q+1-#E[,) and |q| < 2\/5.

By the famous result of A. Wiles ([W1l93])) there is a cusp form
f@ =) b,
k=1
where 7 := e*"* of weight 2 and level N such that

L(E,s)= L(f,s).

Consequently a, := b, for all p of good reduction for E.
Moreover the Hasse-Weil zeta function of X is given by
L,(E,s)
§(Q,5)6(Q, s = 1)

35

S(E,s) =




K3 surface

The zeta function of K3 surface S over F, has the following form:

1
(1 =T)Py(T)(1 - ¢*T)’

Z,(S/FXT) =

where P,,(T) is a polynomial of degree 22.

Taking decomposition of lattices
H*(S,2) = NS(S) @ T(S),

where N .S(.S) is a Neron-Severi lattice (torsion free lattice of rank p(.S) < 20) and T'(.S) is a
transcendental part of H?(SS, Z) (for a detailed exposition of K3 surface theory see [Huy16]),

induces factorisation of the L-series of S i.e.
L(S,5) = LINS(S) ® Q;,5) - LT(S) ® Qy, 5)

and therefore
1

&(S,s) = .
¢(Q, 5)L(S, 5)E(Q, s —2)
Y. Goto, R. Livné, N. Yui in [GLY 13]] described 86 out of 95 families (from Reid’s list
[Re180]]) of K3 surfaces .S over Q of CM type and proved the following theorem

Theorem 2.6.4 ((GLY 13]]). Forall 86 pairs (S, o) of K3 surfaces with involution, there exists
quadruple (p, K, 1, y) with the following properties:

e p is an (Artin) Galois representation of Gal(Q /Q), and the degree of p is equal to
Picard number of S,

o Kisa CM abelian extension of Q,
o 1. K — Cisan embedding,
e y is a Hecke character of K of oo type z — 1(z)?,

such that
1

&(Q, 9)EQ, s —2)L(p, s — L(y,5)
We refer to [HKSO06], [Mey03]] for more complete exposition of modularity of Calabi-Yau

§(S,5) =

manifolds.

36



§ 2.7 Zeta functions of a finite quotient

To compute the zeta function of X, , we describe a much more general approach. Firstly let
us recall some basic notation from linear algebra.

Let V, W be finite dimensional vector spaces over a field KK and take L € End(V),
M € End(W). We define their characteristic polynomials:

f(@) :=det(1 —¢t-L) and g(t) :=det(1 —1-M).
Over an algebraic closure K of K we have factorisations

F@O=0A =400 = A1) ... (1 = A p?)

and
g0 = (1= )1 = 1) .. (1 = fign )

for some A}, Ay, ...y Adgimys His Moo -+ s Bgimw € K which are in fact eigenvalues of endomor-
phisms Lz and My respectively.
Denoting by f ® g the characteristic polynomial of L @ M:

f®g()=det(1—1-L®M),

can be written as:
dimV dim W

reem =[] [Ta-4aun.
j=1

i=1

One can see that
dimV dim W

feem=[]ean=[] rwo.
i=1 j=1

Moreover one can check that the this polynomial can be computed using resultant i.e.

f@em=res, (5.5 g (1))

The tensor product of polynomials extends uniquely to the case of rational functions f =

%, g= 2, where a, b, ¢, d € K[f] by taking:

_@®0)-(b®d)

C
i wed 6o

a
b
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Rosen in [RosO7] introduced the orbifold Frobenius morphisms on the Chen-Ruan orb-

ifold cohomology and use it define orbifold zeta function
2.7.1) Zeg(X,1) = det (1= Froby, 1 | He (X% @),

where H (X, Q)) is £-adic Chen Ruan cohomology and Frob,,, is the orbifold Frobenius
morphism defined in Section 3 and 5, respectively of [RosO7]. It was also proven (Corollary
6.4) that for a crepant resolution X — X of the course moduli scheme X of X the orbifold

cohomological zeta function of X coincide with classical zeta function of Xie.
ZHC*R(X’ n=2Z,(X,1).

Let X, be a variety of Calabi-Yau type with automorphism ¢, , : X; — X, of order d such

that ¢7 (wy ) = {0y fori=1,2,...,n. Consider the following group

Gy, ={m:=(m,my,....m)EZ, > m+m+..+m =0} ZZ‘l

which acts on X | X X, X... X X, by ¢:"(; on the i-th factor. Suppose that there exists a crepant

resolution & , of the quotient variety

Xd .:XIXXZX...XX’,'/ZZ_I.

hot

Theorem 2.7.1. The Zeta function Z,, (5(;;) (T) equals the product of factors of the rational

functionin T

d-1 n /d-1 i (=
(2.72) (H <HZX,»,mJ (qu)))

j=0 i=1 \m=0
which contain only integral powers of q, where
. . (_1)k,~+| .
Ly, mj(T) = H H det (1 ~ Frob! T | H" <Xi’m’4,~)g;> (¢~ T).
4;20 0<k; <2 dim X;;

Proof. Similarly as in the proof of [2.3.3| merging formulas [2.7.1] and 2.2.1] we have the fol-

. . S
lowing formula for zeta function of &, :

n

d—1
z,@)o=TTT1 II TI®det(1-Frob,T|H" (Xoma )" =

mEGd’n A>0 |f|=k—2‘dﬂ_/l j:O i=1

n

d—1
= T TITT TT @ et (1 =Frob, 7 4% (x,,,,)) " (a7 ) =

meG,, >0 [E=k j=0 i=1
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d-1 n (=Dt
= H H <®det (1 —Frob, T | H" ( ,mj))> ( mIH'T)
[f]=k j=0

meG,, 420 i
where 4 = (4, 4,,...,4,), ¥ = (k;,k,, ..., k,), m = (m;,m,,...,m,) and |A| = 4, + 4, +
+ A, ¥ =k +k,+
Extending the exterior product H (..)to H (...) we introduce only factors containing

meG, 4 mez}
fractional powers of ¢, denote the resulting rational function by

n (= 1)tk
wa =T11TI11 H(@det 1 - Frob, T | H* ( lmi,&_))) (a¥+7) =

mez 420 [Ej=k j=0 \ i=1

(T (fl--..n))

j=0 i=1 m=|

+k, |ml=m +my+...+m,

Let W = W™ - W,2 - ... W/ be the decomposition of W into product of irreducible

polynomials W, € Z[qﬁ,T], a; € Z. Then
z, (xd> M =[[{w": wezig.Tl. i=1....s}.
O

Therefore, in order to compute zeta function of X, for any i € {1,2,...,n} itis enough

to produce the following tables

h J 0 1 j d—1
0 Zx 00 Zx 0.1 Zx 0 Zx 0.d-1
1 Zx 10 Zyx 11 ASN, Zx 1d-1
2 Zx 10 Zyx i Zy o Zx rd-1
d—1 Zx d-10 Ly a-11 Zy a-1 Zx a-14-1
I
UXiJ

Table 2.2: Z ;

for any considered variety X;. Then we we evaluate vector vy ; on

v, = <T, (el /T, ... & qd—1T>
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and multiply all its terms. Then we take tensor product for all i € {1,2,...,n} and take
product over j € {0,1,...,d — 1}. Finally we take (—1)"*! power of the result and form

product of factors containing only integral powers of g.

§ 2.8 Rational elliptic surfaces

In this section we collect basic information about rational elliptic surfaces. We refer to
[Mi1r89], [IS96]], [SS10]], [SS19]] for a complete exposition in this topic.

Definition 2.8.1. An elliptic surface is a smooth surface .S with a proper morphism f : S —

B onto a smooth curve B such that generic fiber has genus one.

An elliptic surface f : S — Bis relatively minimal if there are no (—1)-curves contained
in fibers of f. By blowing down (—1)-curves in fibers of .S we obtain relatively minimal
surface birational to S

If S is an elliptic surface then K; = 0 and consequently .S is rational (i.e. birational to
P?) iff B ~ P! and e(S) = 12 (equivalently the sum of Euler characteristic of fibers equals
12).

Every rational elliptic surface has a singular fiber. The complete list of possible types of

singular fibers was given by Kodaira in [Kod63|:
e irreducible I, and II,
e reducible infinite series I, (n > 0),I" (n > 0),
e reducible five types IIL IV, IT*, IIT* and IV".
e multiple fibers.

We shall consider only elliptic surfaces with a fixed section, as the intersection of a section
with any fiber equals one, an elliptic surfaces with a section has no multiple fibers.

Fibers I, are called semistable.
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Figure 2.1: Kodaira classification of possible singular fibers
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S. Herfurtner in [Her91]] gave a complete list of rational elliptic surfaces with four singular
fibers and non-constant J-invariant. It was obtained by analysing the possible combinations
of singular fibers and then listing all Weierstrass models of such elliptic fibrations.

In [MP86] similar classification was given for extremal rational elliptic surfaces i.e. ra-
tional elliptic surface with finite Mordell-Weil group and Picard number equal to A'!. Six
of them (in fact all possible with semistable fibers) (I, I,,I,, 1)), (I, L, I, 1), (4, L5, I, 1),
(I, I, 1,, 1), d,, 1, L, 1), (I4, L4, I, I;) were studied by Beauville in [Bea82] — these sur-

faces are called Beauville surfaces.
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Chapter 3

Cynk-Hulek varieties

In this chapter we briefly recall the original Cynk-Hulek construction of an arbitrary dimen-
sional Calabi-Yau manifolds involving elliptic curves with automorphism of order 2, 3 and
4. Then, we shall prove that this construction can be also carried out for elliptic curves with
automorphism of order 6. In the proof we shall use toric methods introduced in chapter 2.
In the last section we shall compute Hodge numbers and the Zeta function of all consid-

ered Calabi-Yau manifolds.

§ 3.1 Construction

Let E, be an elliptic curve with an order d automorphism ¢, : E, - E,, thend =2,3,4,6

(see [S1109]). Up to an isomorphism the curve E, and the automorphism ¢, can be given as:

e [, is an arbitrary elliptic curve, and the involution ¢, is the [-1] map

¢2('x’ J’) = (x’ _)’),

e E. has the Weierstrass equation y* = x* + 1, and the automorphism ¢, is given by
¢3(x’ y) = (C3x’ J’),
where {; denotes a fixed 3-rd root of unity,

e E, has the Weierstrass equation y* = x* + x, and the automorphism ¢, is given by

¢4(X, J’) = (_xa l)’),
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e E, has the Weierstrass equation y* = x* + 1, and the automorphism ¢ is given by

be(x, ) = (2%, —),
where { denotes a fixed 6-th root of unity satisfying ¢ 62 = ;.
Ford € {2,3,4,6} and any positive integer n, the following group
Gy, ={m,my,.... m)EZ,: m+m+..+m =0} ZZ_I

acts on E” by ¢ on the i-th factor.
Note that G, preserves the canonical bundle w Er of the manifold E). Therefore it is

n
natural to ask whether variety E; / G admits crepant resolution.
d,n

Theorem 3.1.1 ([CHO7)). If d = 2, 3,4, then there exists a crepant resolution
- ~——

E" E"
d/Gd,n - d/Gd,n.

/n'\_/
Consequently, X, := E; / G, is an n-dimensional Calabi-Yau manifold.

3
The above construction forn =3 and d = 21.e. E; / 72 Was first considered by C. Borcea
2
/\/

3
in [Bor97]. He also proved that E / 72 has CM iff E, has CM. Moreover A. Molnar in his
2
PhD ([Mol15]]) focused on modular aspects of quotients of Ej by different finite groups.
We shall proof using toric techniques introduced in [Chapter 2

311 d=2

Let X, X, be two Calabi-Yau manifolds with involutions #, : X, — X, (fori = 1,2) such
that

n (a)Xl) =—wy, and 7] (a)Xz) = —wy,,
where w X, denotes a chosen generator of H™(X ), fori=1,2.

Suppose that the fixed point loci Fix(n,) and Fix(#,) of , and #, respectively, are disjoint
union of smooth divisors, in particular both have linearisation of the form (-1,1,1,...,1)
near any point of Fix(#,) or Fix(1,).

Proposition 3.1.2. Under the above assumptions the quotient variety X X X, / z, has a res-
_  ~—
olution of singularities X X X, / Zy which is a Calabi-Yau manifold. Moreover, the manifold

—
X X X, / 7., admits a Z,-action which satisfies the same assumptions as for X,.
2
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Proof. The automorphism # := n, X 1, has a local linearisation around fixed point of one of
the following types: %(1, D).

In local coordinates, the map from X, X X, to the resolution is given in affine charts by

(xz, X) ) <£,y2> s
X y

hence 1d X#, lifts to resolution as (1, —1) and (-1, 1), respectively. Consequently the action
- o~ _—

on X1 X X, / . induced by id X7, satisfies the assumptions we made on the action 7,, hence

the statement follows. ]

Figure 3.1: Decomposition of %(1, 1)

The case where X is a K3 surface and X, elliptic curve, both of them admitting non-
symplectic involution was studied independently by Borcea ([Bor97]) and Voisin ([Vo193)).
312 d=3

Let X, X, be two Calabi-Yau manifolds with automorphisms 7, : X, — X, (fori = 1,2) of
order 3 such that

n (a’)q) =Gwy, and 7, (sz) = é’326'))(2’

where @ denotes a chosen generator of H™(X,), for i = 1,2. Suppose that

1. the fixed point locus Fix(#,) of #, is a disjoint union of smooth divisors, in particular

n, has linearisation of the form ({5, 1, 1, ..., 1) near any point of Fix(#,),

2. Fix(n,) 1s a disjoint union of submanifolds of codimension at most 2. In particular #,

has linearisation of the form
e (£2,1,1,...,1) near a component of codimension one of Fix(n,),
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e ({,,¢5, 1,1, ..., 1) near a component of codimension two of Fix(#,).

Proposition 3.1.3. Under the above assumptions the quotient variety X X X, / 7. has ares-
/\_/ 3

olution of singularities Xy X X, / Zy which is a Calabi-Yau manifold. Moreover, the manifold
/\/
X XX, / zy admits a Z5-action which satisfies the same assumptions as for X,.

Proof. The automorphism 7 := #, X 1, has a local linearisation around fixed point of one of
the following types: %( 1,2) or %(1, 1, 1). Both singularities can be resolved by subdividing

junior simplexes in dimension 2 and 3 (figure: [3.2)).

(1) If # has a local linearisation given by %(1, 2) near Fix(#), then in local coordinates, the

map from X, X X, to the resolution is given in affine charts by

ERAWE AN ER
’2 s 9x k] 2’y *
X y y

The action of id X#, has a linearisation (1, 32, 1,...,1), so it lifts to the resolution as

(1,&9), (&3, (65, 1), respectively.

(i1) If n has a local linearisation given by %(1, 1, 1) near Fix(n), then in local coordinates,

the map from X, X X, to the resolution is given in affine charts by

('x3,2,£>9 <£7y335>3 <£?X’Z3>’
X X y y zZ z

consequently id X#, lifts to the resolution as: (1, C3, C3), (C32, 1,1), (&2, 1, 1), respectively.
e,

In all considered cases the action on X1 X X2 / n induced by id X7, satisfies the assump-

tions we made on the action 7,, hence the statement follows.

Figure 3.2: Decomposition for %(1, 2) and %(1, 1,1
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313 d=4

Let X, X, be two Calabi-Yau manifolds with automorphisms #, : X, — X, (fori = 1,2) of
order 4 such that

N (a’m) =Gy, and 75 (“’xz) = Cijz’
where wy denotes a chosen generator of H "0(X,), for i = 1,2. Suppose that

1. the fixed point locus Fix(n,) of #, is a disjoint union of smooth divisors, in particular

n, has linearisation of the form ({,, 1,1, ..., 1) near any point of Fix(#,),

2. Fix(n,) 1s a disjoint union of submanifolds of codimension at most 3. In particular #,

has linearisation of the form

e (£3,1,1,..., 1) near a component of codimension one of Fix(#,),
o (¢, f, 1,1, ..., 1) near a component of codimension two of Fix(#,),
e ((,,¢,.¢,1,1,...,1) near a component of codimension three of Fix(#,).

Proposition 3.1.4. Under the above assumptions the quotient variety X X X, / 7 has ares-
/_\_/ 4

olution of singularities X X X, / 7 » whichis a Calabi-Yau manifold. Moreover, the manifold
/_\_/ 4

X X X, , admits a Z j-action which satisfies the same assumptions as for X,.

Z, 4 2
Proof. The automorphism # := n, X 1, has a local linearisation around fixed point of one of
the following types: i(l, 3), i(l, 1,2) or i(l, 1,1, 1). Resulting singularities can be resolved
by subdividing junior simplexes in dimension 2, 3 and 4 (figure [3.3)).

(1) If # has a local linearisation given by %(1, 3) near Fix(n), then in local coordinates, the

map from X, X X, to the resolution is given in affine charts by

(%) XN (22N (x
’x3’ y’x29y2’x7y39 .

The action of id X#, has a linearisation (1, j, 1,...,1), so it lifts to the resolution as

(1,ED), (G4 &) (67,6, (&5, 1) respectively.

(i1) If n has a local linearisation given by i(l, 1,2) near Fix(n), then in local coordinates,

the map from X, X X, to the resolution is given in affine charts by

2 2
<i’ X’x4>’ 22’ X’x_ 9 227 y_’z b y49 ﬁ’i b
x2 x X z z'y y y?



consequently id Xz, lifts to the resolution as: (£7,¢,, 1), (1,£,,¢D), (1, 1,£), (1,47, 1),

respectively.

Figure 3.3: Decompositions for 1(1,3), 7(1,1,2) and {(1,1,1,1)

/\/
In all considered cases the action on X1 X X2 / . induced by id X#, satisfies the assump-
tions we made on the action #,, hence the statement follows. ]

§3.2 d=6

In [[CHO7|] a crepant resolution of X, , for d = 2,3,4 was constructed by an iterated ap-
proach. In this section we will give the missing construction for elliptic curves admitting

automorphisms of order 6 and prove that there exists a crepant resolution of these manifolds.

3.2.1 Resolution of singularities

Let X, X, be two Calabi-Yau manifolds with automorphisms #, : X, — X, (fori = 1,2) of
order 6 such that

n (a’xl> ={ewy, and 7, (sz) = é’656'))(2’

where w,, denotes a chosen generator of H"%(X ), fori=1,2.

Assume that:

1. the fixed point locus Fix(n,) of #, is a disjoint union of smooth divisors, in particular

n, has linearisation of the form ({,, 1, 1, ..., 1) near any point of Fix(r,),

2. Fix(n,) 1s a disjoint union of submanifolds of codimension at most 3. In particular #,

has linearisation of the form

e (£3,1,1,...,1) near a component of codimension one of Fix(n,),
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° (C4,C6,1,1,...,1)0r (&3,¢2,1,1,..., 1) near a component of codimension two of

62 o by
Fix(nZ)a

3. Fix(r/f) \ Fix(#,) is a disjoint union of smooth divisors in particular nf has linearisation

(&,,1,1,...,1) along any component of Fix(nf) \ Fix(n,),

4, Fix(nf) \ Fix(#,) is a disjoint union of smooth divisors in particular nf has linearisation

(-1,1,1,...,1) along any component of Fix(nf) \ Fix(n,),

5. Fix(ng) \ Fix(n,) is a disjoint union of smooth submanifolds of codimension at most
2, so '75 has linearisation of the form (¢2,1,1,...,1) or (&5, 85, 1,1, ..., 1) along any

component of Fix(13) \ Fix(z,),

6. Fix(ng) \ Fix(#,) is a disjoint union of smooth divisors, so ng has linearisation of the

form (—1,1,1,..., 1) along any component of Fix(r];) \ Fix(n,),

7. the automorphism 7, has a local linearisation of the form (¢2, 62, ¢ 1,1,...,1) along

any codimensional 3 component of Fix(#,).

We have the following:

Proposition 3.2.1 ([Bur20]). Under the above assumptions the quotient X X X, / X1,

of the product X, X X, by the action of n, X n, admits a crepant resolution of singularities
—_— e — —_— e —

X, X X, /”11 X 1, Furthermore id Xn, induces an automorphism of order 6 on X X X, /’71

X1,
that satisfies all assumption we put on 1,.

Proof. By the assumption we made, the automorphism # := 75, X, has a local linearisation

around any fixed point of one of the following types:

@ (& 65, 1,1,...,1) which corresponds to singularity of type é(l, 5),
@i1) (&g G Cg, 1,1, ..., 1) which corresponds to singularity of type é(l, 1,4),
(iii) (& ¢2.¢2. 1,1, ..., 1) which corresponds to singularity of type é(l, 2,3),

(iv) (& 8,82 ¢2. 1,1, ..., 1) which corresponds to singularity of type é(l, 1,2,2).
We shall use suitable resolution of the cyclic singularity in each case.
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(i)

(111)

If  has a local linearisation given by (g, ¢ > 1,1, ..., 1) near Fix(y), then in local coor-

dinates, the map from X, X X, to the resolution is given in affine charts by
(%) XN (RPN (EXN (2N o (X
,xs b y’x4 b y2’x3 b y3’x2 b y4’x y5’ .

The action of id Xz, has a linearisation (1, C65, 1,...,1), so it lifts to the resolution as

(1,8), (o E5 (82,60, (67,69, (&5, C) and (£, 1), respectively.

If n has a local linearisation given by (¢, &, Cg, 1,1,...,1) near Fix(n), then we can

use a toric resolution of %(1, 1,4) singularity described in[2.1.23| Thus the map from

X, X X, to the resolution is given in affine charts as

<6zy> xt 22y x> 5y X z
x’_’_ b _’_’_ b _’z’_ 2 _’_’y b
x* x z x2' x z? X y ¥
x z2 y4 X 3 yz
22 =) or (2,72,2).
y »¥ oz y  z?
Therefore the action of id X, lifts to the resolution as (1, Cg, o) (Céz, C62, ) (Cg, 1),
&2, 1,1, (&, 1L, (.1, 1.

If n has a local linearisation given by (&g, C62, Cg, 1,1, ..., 1) near Fix(n), then we use
again toric resolution of é(l, 2,3) singularity. There are five different decompositions

of junior simplex which give a toric resolution i.e:

Figure 3.4 Figure 3.5
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Figure 3.6 Figure 3.7

Figure 3.8

Figure 3.9: Possible triangulations of the junior simplex of é(l, 2,3)

Note that in [3.4]the local affine chart corresponds to marked grey triangle is given by

yz® xy x?
x2 b Z b y 9

so the action of id xn, lifts to that affine chart as ({2, ¢, &), which is excluded by the

condition 7l

Similarly, local affine charts corresponding to marked grey triangles in figures[3.5] [3.6]
are equal to respectively

Y’z xy xz xz ¥ xy 22 %}
x b Z’yz b yz’xz’ y b Z’x3’ Z 9

with liftings (¢, £, 80), (62, 62.¢D, (82,82, &), respectively — all of them are excluded
by

Only [3.8]is suitable for our considerations. For that chosen triangulation (and hence

resolution), the map from X, X X, to the resolution is given in affine charts as (see
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Figure 3.10: Crepant resolution of %(1, 2,3)

The action of id X#, has a local linearisation (1, { 2 63, 1, ..., 1), hence it lifts to the res-

olution as (1,¢2,82), (&2, 1,£D), (67,1, &), (82, 1, 1), (1, 1,8)), (L. 1, &), respectively.

(iv) If n has a local linearisation given by (&g, . 562, Cg, 1,1,...,1) near Fix(n,), then the

map is given by

t 2 t 2 z z 1
<x65 X’ ia_>9 x_a X’Z3$_ s x_’X$t37_ s £9y6’ a4 s
x2 x2? zZ X tx t y y2 2

The action of id X#, has a local linearisation (1, {;, { 62, ¢ 62, 1,1,...,1), hence it lifts to the
resolution as (1, {, C62, 9“62), (Cé, G 1 1), (Cg, G- 1, 1), (é’g, 1,1,1), (4“65, 1,1,1), (9“65, 1,1,1).

-_ o~~~

In all considered cases the action on X1 X X2 / . induced by id X#, satisfies the assump-
tions we made on the action 7.

Finally near the points of Fix(1?) \ Fix(#) and Fix(1*) \ Fix(#) we first consider the quotient

X, % Xz/n2 <resp. X X Xz/n3>, then using Prop. 2.1 and 3.1 of [CHO7|] we construct
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Figure 3.11: Junior symplex of é(l, 1,2,2)

Figure 3.12: Triangulation of

crepant resolutions of

—_—— —_———

(X1><X2/’12>/ 3 resp. <X1XX2/’73>/’72.

n
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We can iterate the procedure in Proposition [3.2.1] Consider Calabi-Yau manifolds X,
X, ..., X, with automorphisms ¢; of order 6 such that

® ¢i(wy) = {swy Where wy is a canonical form on X,
e ¢, satisfies the assumptions we put on ; in[3.2.1]
° ¢f satisfies, for i = 2, ..., n, the assumptions we put on 7, inm

The group G, acts on X; X X, X ... X X as

(] (x), )2 (xy), ..., ()
for (m;,m,,...,m,) € Gﬁ’n andx;, € X, fori=1,2,...,n.

Proposition 3.2.2. The quotient of the product X| X X, X ... X X, by the action of G, has
a crepant resolution of singularities which is a Calabi-Yau manifold and such that the action

of Z¢ on X, X X, X ... X X, lifts to a purely non-symplectic action of Zg on this resolution.

Proof. For n = 2 this is Proposition [3.2.1] For an inductive approach notice that

(Xlxsz...xXn_l/ )xX
G i "/
: X

n—l/ -
G has a crepant resolu

X1><X2X-~-><Xn/G ~
6,n

By the inductive hypothesis the quotient X XXy X XX

tion X and the action of G, lifts to X as a purely non-symplectic action of Z,. Using

Proposition [3.2.T]again we conclude the proof. O
As a special case we get:

Theorem 3.2.3. There exists a crepant resolution

- N
E” E?
° /G6,n - /G6,n '
/n\/
Consequently, X, .= Eg / G, is an n-dimensional Calabi-Yau manifold.

Remark 3.2.4. In the constructed crepant resolution of Eg / G, Ve need a suitable toric reso-
lution, as the iterated approach in [[CHO7] leads to a local acti(;nn of type (&, &;. € 65, ¢ 65 ), which
has no junior elements and so the quotients does not admit any crepant resolution.

Also, we were not able to use a factorisation of an action of order 6 into an action of order

2 and 3. Indeed the second power of the action (iv) in the proof of Proposition [3.2.1|is equal
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to (&5, C3, 3, 1,...), which again has no junior element and consequently no crepant reso-
lution. The third power of the action (iii) equals (—1,1, —1, 1, ...) and the factorization into
an action of order 2 followed by an action of order 3 gives inverse local chart x?3 % Z—Z) .
In this chart the action of #, lifts to the resolution as (=1, {, —1). In the next step wzaC get
an action (¢, Cg, ég, §65) with the third power equal to (=1, —1, —1, —1), which clearly has no

crepant resolution.

§3.3 Hodge numbers

In order to compute Hodge diamonds of constructed varities we will use methods described

in2.3l

331 d=6

From table[5.3]and theorem [2.3.3 we get:

= { ((1 FXY) VXY 4+1- VXY +2-V(XYR+2-V(XYP+2- V(XY +1-1 (XY)5>n+

SXY)Y +0- VXY +0-V/(XY)2+0- /(XY +0- Y/ (XY)*+0- \/m>
VXYY +0- VXY +0- YV (XYR2+1-V(XYP+0- V(XY +0- \/m>
JXYP+0- VXY +1-VXY2+0-V(XYP +1-/(XY)* +0- \/ﬁ)

VXYY +0- VXY +0-V(XY2+1-(XY) +0-/(XY)* +0- \/ﬁ)+

(x
(0
(0
(0
+< V(XY +0- \/ﬁ+0 \/m+0 \/(X—Y)3+0 \/m+0 \/m> }[X"Y‘I]z
{X

+
+
+ +

+

"y (14 XY 4 /XY 207 + 20X + 20X+ {xvy ) +

42 (XY)E ({/(XY)2 + {/(XY)4)n }[X"Yq].
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332 d=4

From table [5.5|and theorem [2.3.3| we get:

hp GE) - {X"+Y”+<1 FXY +2VXY 43XV + 2\4/(XY)3>n+(\4/(XY)2>n }[X"Y"].

333 d=3

From table[5.7]and theorem [2.3.3| we get:

h”’q%):{X"+Y"+<1+XY+3\/E+3\/(X—Y)2) } [(XPY] =
- {X FY"+ <1 + {/ﬁf} (XY,

334 d=2

From table[5.9]and theorem [2.3.3 we get:

o B3 “{x+vy+ (1+xy+4Vxy) Vixeye
/6,

Summarizing, we proved the following theorem:

Theorem 3.3.1. The Hodge number h*(X ;) = { Fy, (X.Y) } [ XY 9] of the manifold X, ,

is equal to

{4y + XY+4\/E+1> } xeve) ifd =2,

+

{X”+Y" (1+ XY) }[Xpw] ifd =3,
+
+

14+ XY +2VXY +33/(XY) + 2\/(XY)3> (\4/(XY)2>n }[XPY‘I] ifd =4,

X'+Y"+ (14 XY + VXY +2V/(XY)2 4+ 2V/(XY)? + 2¢/(XY)* + \/(XY)5>

+2-(XY): + ({’/(XY)2 + \6/(XY)4>n }[X”Y”] ifd = 6.

Substituting appropriate roots of unity into the above formulas we get:
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Corollary 3.3.2. The Euler characteristic of manifold X ; , equals

-

26" +3(-21) ifd=2,

%(8” +8(=1)") ifd =3,
e (X3) =11

O +3) 431y ifd =4,

é(10"+3-2"+8)+4(—1)" ifd =6

Remark 3.3.3. Theorem yields
RN (Xy,) =h' Ty, )=n

for d = 2 and n > 2. Therefore, by the Tian-Todorov unobstructedness theorem the deforma-
tion space of X, , has dimension n. On the other hand our construction involves n independent
elliptic curves, so it depends on n parameters. Consequently the family X, is locally com-
plete.

Ifn>2andd = 3,4,6 we get

h],n—l(Xd’n) — 0,

so the Calabi-Yau manifold X, , is rigid.

3.3.5 Another method of computing Hodge numbers

In [Bur20] we used another approach for computing Hodge numbers of varieties X, , based
on a systematic study of orbits of the action of G, . The method is very complex and we were
not able to generalize it to the case of Calabi-Yau manifold other than elliptic curves.

For the sake of completeness we decided to reproduce a sketch of that proof.

Let E be an elliptic curve. Combining Kiinneth’s formula with a standard induction ar-

hPI(E") = <”> <”> for 1 < p,q < n.
p q

We begin with the following:

gument we see that
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Lemma 3.3.4. Forany 1 < p,q < n, the following equalities hold
(;) ifp=qorp+q=nbutn#2p,

dim HP(E}) % = 2(2) ifp=qgandp+q=n, ford = 2.

0 otherwise,

") if p=qor(p.q) € {(0.n). (1,0},

0  otherwise,

dim HP4(E") % = { ford = 3,4,6.

Proof. The Hodge vector space HP(EY) is generated by differential forms of the following
shape

dz; Adz; A...Adz;, Adz; AdZz, A...AdZ; .

i ip i, J1 J2 Jq

In the case of d = 2, we see that such (p, g)-form is G, , invariant if and only if
e prqg=mnand {i, iy, ..., iy JjsJp---5J,} ={1,2,...,n}or
e p=gqand {i,iy...,i,} ={jj,Js--5J,}

Each of the cases provides (;) choices.

Suppose that there exist indices k € {i}, iy, ..., i,}\{Jji,Jo> ---»J,},and ] € {1,2,....n}\
{ij,iy, ..., [ J1sJos - ,jq} and without loss of generality assume that k < /. Then given
(p, g)-form is not invariant under

(L,..., =1 ,... =1 ,..1).
N~—— =

k—th place [—th place

In a similar way we prove the formula for d = 3,4, 6. U

Z/6Z action

From the orbifold formula we get

G6,n
(3:3.1) HY(X,,) = P < D H"‘ag“g>’f‘ag°<g>(tf>> :

8€Gs,, \U€EA(g)

where, A(g) denotes the set of irreducible connected components of the set fixed by g € G,
and age(g) is the age of the matrix of linearised action of g near a point of U.

Now consider an element

gt = (1,...,1,2,...,2,3,...,3,4,...,4,5,...,5,  0,...,0 ) €G,,,
N~~~ = =

t . =n—u—v—w—s—t
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where 6 | u+ 2v + 3w + 4s + 5¢, which corresponds to an automorphism of E¢ such that the

local action near a component of the fixed locus linearizes to

(€6""7C6’C62""9C62’C63""’C63’Cg""’Cg’gg""’cg,lﬂ""]‘)'
—_—— — e — e — ) —— ~—
u v w N t

+20+31w+45+5t
Then age (g“’”’”””) = oy 6’” =,

e The action of ¢, and qbg have one fixed point: a, which stands for the infinity point of

Eq.
e The action of ¢ and ¢ have three fixed points:
a, b :=(0,1), c :=(0,-1)
from which only a is invariant under ¢, and the remaining two form a 2-cycle.
e The action of ¢} has four fixed points:
a, d :=(1,0), e :=(£,0), f :=(£,0)
from which only a is invariant under ¢, and the remaining three form a 3-cycle.

If£ =nie. (uo,w,s,1)=(0,0,0,0,0), then Fix(g“***") = E? and according tom

the contribution to Poincaré polynomial corresponding to g*-***-*' is equal to
X"+Y"+(1+XY)".

We shall study orbits of the action of G, on the set of irreducible components A(g) of
Fix(g) or equivalently on the finite set F(g) := Fix(¢;') X ... X Fix(¢"), where g; denotes
i-th coordinate of g.

Ifu#0ort#0or? # 0then fixingi € {1,2,...,n} such that g, € {I,Cé,g“g} and
taking the element = (hy, h,, ..., h,) € G ,, where

§65 itk =i,
he :=4¢ ifk=, forj € {1,2,...,n}\ {i},
itk & {i,j},
we see that each orbit of the action contains a unique element x := (x, x,, ..., x,_,) with

x; € {a,d}. The same holds true if (v # 0 or s # 0) and w # 0. Consequently the number

of orbits equals 2"**“** unless w = norv+ s = n.
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On the other hand in the case w = n each orbit of the action contains either a unique ele-
mentx = (x, X,, ..., X,) Withx; € {a, d} or one of the following two elements: (d,d, ... .d,e)
or(d,d,...,d, f). Therefore we get 2U+“+S + 2 orbits in this situation.

Similar arguments show that in the case v + s = n we get 2V"“** + 1 orbits. As

Gﬁ,n G6,n
( @ Hi—age(g), j—age(g)(U)) — < @ Hi—age(g), j—age(g)(U)Ge,f>

UeA(g) UeA(g)

we get

1 if (i,j) € {(n,0),(0,n)},u =0,
G, 2”“”“(?) if0<i=j<?f,w#nuv+s#n,
) = {ovtwts 42 ifw=ni=j=0,

2twts 41 ifo4s=ni=j=0,

0 otherwise .

.

Therefore the number h79(X, ) is equal to the coefficient of X?Y 7 in the polynomial:

e (LT 2 () 2 ()

dim< @ HY(U)

UeA(g)

u=0 v=0 w=0 5s=0
n—u—v—w-—s 14
% Z (n —u-— 1;— w— s) Z <f> . 2U+w+S(Xy)j+u+21)+36w+45+5r 42 (XY)§+
1=0 j=0
c n Lov+am-v) _ v n c n o O n—u 6 v
+ z:‘g <U>(XY)6(2 o) — xn Ly 4 ; <u> (\/ﬁ) ; < ) > (2 (XY)2> x
n—u—uv n_u_v ] wn—u—u—w n_u_U_w ] s
x Z{) " ) (2 (XY)z) ; ( ) > (2\/(XY)2> x
n—u—v—w-—s ‘ 14
x (”_”";‘w‘s> ({’/(XY)Z) <f>(XY)J’+2-(XY)§+
=0 Jj=0
+ (VOr? + Yxnyi) =

— X"+ Y+ <1 FXY + VXY + 207+ 28/(XY )+ 2/(XY ) + \6/(XY)5>n +

n

+2-(XY)E + <\°/(XY)2 + \"/(XY)4>

Z /AZ action

Consider
gu’U’w = (1,-.-91,2’""2939""3’0""’0) e G4’n’
e e i e

w n—u—uv—w
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u+2v+3w

where 4 | u + 2v + 3w. Then age (g“*") = 2

Repeating the above arguments we get
n n—u n—u—v n—u—v—w

2 Z Qutw , 3o

u=0 v=0 w=0 Jj=0

x (l’l) <n - u) <I’l —Uu-—- U> <n —u — U — w>(Xy)j+L¢+22+3w + (W>n }[XPYKI] _
u 1% w J

- {X LY (1 XY +2VXY +3V(XY ) + 2\4/(XY)3>n + ( y (XY)2>n }[X”Yq].

{FXM(X, Y)} [XPY = X" +Y" + % {

Z /37 action

Take

g’=(1..,1,2,...,2,0,...,0) € Gy,
—— —— ——

u v n—u—u

u+2v

T hence from the orbifold formula we obtain

where 3 | u + 2v. Then age (g*") =

{Fxs,n(X’ Y)} [XPY9] =

_ {Xn+yn+i 5 233<n> <n_u> <n—g—u>(XY)j+%2~}[Xqu]:
u=0 v=0 =0 u v J
- {X LY+ (1 +XY+3{/E+3</(XY)2>"} (XPYY] =
= {X”+Y”+<1+€/ﬁ>3n}[XPY4]=
L1
3

e (VR (146 V7) " (1 V7)) oo

Z /27 action

From [3.3.4) we encode the Hodge numbers of fixed part of cohomology by the following

generating polynomial function

Y dim HM(E)®a XY = (1+ XYY" + (X +Y)".

p-q=0

Consider



an arbitrary element of G, ,, where u is even. Then from the orbifold formula we have

u=0 j=0

{sz,n(X, Y)} [XPY?] = {(X +Y) + Zn: §4“<Z> <" ; "‘)(XY)H%} [XPY] =
- {(X+Y)"+<1+XY+4\/H>"}[XPW]:
_ {(X+Y)" + % ((1 +XY+4\/E>" + (1 + XY —4\/ﬁ>")} (X7Y).

§ 3.4 Zeta functions

In this section we shall compute zeta functions of Calabi-Yau varieties X, , using the method
introduced in section The zeta function of X,, depends on an explicit model of the

elliptic curve E, over Z, so we stick with the equations given in[3.1]

341 d=6

For the elliptic curve E, with automorphism of order 6 the corresponding table is equal

to
J
) 0 1 2 3 4 5
0 . l—aT 1 1 1 1 —&T
(1 -7)1-4T) a q
1 4 1 1 1 1 1
1—T
2 ! ] ] 1 | I
a-1r -7
3 4 1 1 1 L 1
a-1y 1-T 1-T
4 _r ! ! 1 ! I
a-1r -7
5 4 1 1 1 1 1
1—T

Table 3.1: Local zeta functions of E;

Here a, and «, denote algebraic integers of modulus equal to \/5

Therefore by [2.7.1 we get
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Z,(Xq,) = ! N S L . 1 .
e (I-T)1~q-T) (1-{/q-T) (1-Z-T¢ (-F-T)

1 ®n ®n

1 1 [ ®n 1
- : x(l—%Tﬂ x| ——— | x
(1 —+/q* - Ty (1—€/q_5-T>>_ Kl—xﬁ-T)]

1 1 “ 1 ® [ — ®n
X : x|(—=—=])| x|a-7-1| =
\1-+Vq> T 1-+¢*"T) 1-+/¢*-T

f 1

- if2 | n,
[Ta-a" @ (1-a,T) (1-a,T)
i=0
=<
l1—a"T) (1l —-aT
(1-a/T) (1-T) o

[o - ¢re
i=0

\

342 d=4

For the elliptic curve E, with automorphism of order 4 the corresponding table is equal

to
J
K 0 1 2 3
0 ! l1-ea,T 1 1-a,T
(I=T7)(1-qT) ! !

1 _1 1 1 1
(1-T)

2 1 1 1 1
(1-T)3 1-T

3 I 1 1 1
(1-T)

Table 3.2: Local zeta functions of E,
Therefore by [2.7.1 we get
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z,(X,,) = L . 1 . ! . ! ®nx
N (I-T1=q-T) (1-3/q-TP (1-VE Ty (1-a TP
®n
®n 1 _ ®n
x[(l—aqT)] x[(—)] X[(l—aq-T)] -
L=Vg-T

( 1

- if 2 | n,
[T - ¢y (1= a71) (1= 271)
i=0
=
1—-a"T) (1 —-—aT
(1= (1 7) o
H(l _ qiT)hi'i(X4,n)
i=0

-

343 d=3

For elliptic curve E; with automorphism of order 3 the corresponding table[2.2]is equal to

J
X 0 1 2
0 1 l1-a,T 1-a,T
(I-7)1-4qT) ! !
1 _1 1 1
1-Ty
2 I 1 1
1-Ty
Table 3.3: Local zeta functions of E;
Therefore by [2.7.1 we get
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Z (X3 )= 1 . 1 . 1 ®nx
a \3n (-TX1-4-T) (1-x/g-TP (/g Ty

®n ®n

x [(1 _ aqT)] x [(1 — - T)] -

( 1

n if2 | n,
H(] 3 qiT)hi,i(XM) (1 _ aan) (1 - LTq”T)
i=0
=1
1 — n 1—a T
U=e/T) (1-5T) 2t
H(l _ qiT)h[’[(X&n)
[ i=0

Summarizing, we proved the following theorem

Theorem 3.4.1. The zeta function of the manifold X, is equal to

( - I if 2| n,
[T - e (1 -apr) (1= 277)
i=0
<
1—a"T) (1 —-—aT
(=) (1-) e
H(l _ qiT)hi'i(Xd,n)
| =0

344 d=2

In this case E is an arbitrary elliptic curve so we cannot describe a, and a, in general. How-
ever a, + a, is the trace a, of Frobenius morphism Frobz on H**(E). Now a’; + a," can be

computed as a polynomial in a,.

The corresponding table [2.2) which will be discuss in is equal to
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J
K 0 1
0 ; 1—aT+qT?
(1 =T)(1—-qT) ot T4
_
1 —1)"
1
1 PR —— 1
(1 =Ty +T)
1
A=-T)YX(1+T+T?

Table 3.4: Zp, ,(T)

Here we have three possible rational functions Z ; , depending on number of fixed point

of an involution on E defined over Q. We give only formulas for n = 2, 3 since the general

one is too complicated.

1
When Z, , = m by [2.7.1|we get
En\_/
! 2,(*' /)
1
2 (1 =T)(1 - qT)®(1 + 24T — a2T + ¢*T?)(1 — ¢°T)
(1-gqa,T + ¢*T?*(1 + 3qa,T — afIT + ¢’T?)
3
A =T)(1 —gT)" (1-¢T)" (1-¢T)
Table 3.5: Zeta function of X, ,, X,
When Z = ! by2.7.1 t
enZp, o= A-Tya+T) y[2.7.1we ge
Eﬂ\/
! 2" /zp)
1
2 (1= T)(1 = qT)"“(1 + gT)5(1 + 24T — a2T + ¢*T?)(1 — ¢°T)
(1-gqa,T + ¢*T?*(1 + 3qa,T — afIT + ¢’T?)
3
A=T)(1 -gD)* (1 +¢1)"® (1 - T)" (1+¢T)" (1 - ¢°T)

Table 3.6: Zeta function of X, ,, X,
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1
When Z = by [2.7.1| we get
EOT T +T +T2) > .
/E'"\/
! 2 zp)
1
2 (I =T)(1 = gD)0 +qT + ¢?T)5(1 + 24T — T + @TH(1 - ¢T)
(1 - ga,T +¢*T*(1 + 3qa,T — azT +q°T?)

3

A=T)(1 - qTP (1+4T +¢T2)" (1 - @T)* (1+ @T + ¢*T?)" (1 - $°T)

Table 3.7: Zeta function of X, ,, X,

Remark 3.4.2. In [CHO7] authors computed L-function of varieties X, , ford = 2,3 :

LX )= L(g,.,s), ford =3, whereg,,, isaweightn+ 1 cusp form with CM in Q(y/-3)
dm L(g,.,,s), ford =4, whereg,,, is a weightn+ 1 cusp form with CM in Q(i)
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Chapter 4

Z.ariski varieties

In this chapter we discuss rationality problems in algebraic geometry. We shall use Cynk-
Hulek construction in order to extend result of Katsura-Schuett to obtain higher dimensional

Calabi-Yau manifolds, which are Zariski varieties.

§4.1 Rationality problems in algebraic geometry

Let us begin with the following definition which is crucial for the present section:

Definition 4.1.1. A variety X is unirational if there exists adominant rational map P" - - > X,

X is rational if there exists a birational map P" -~ > X .

Of course, the definition of unirationality of variety can be stated in terms of field exten-
sions i.e. X is unirational if and only if its functional field C(X) has a finite extension, which
is a purely transcendental extension over C.

The classical problem of Liiroth asks whether every unirational variety is rational. There-
fore Liiroth’s problems asks whether any extension of C contained in C(¢,1,, ..., ?,) is purely
transcendental.

For curves it was proven by Liiroth ([Liir75]). In dimension 2 Castelnuovo found a cri-
terion for surface to being rational i.e. smooth, projective surface .S is rational if and only if
p2(S) = q(S) = 0, where p,(S) := h(X,w3) and q(S) := h'(S,Oy). If we have domi-
nant rational map P2 - —>.5, then of course P,(S) = q(S) = 0 and so S is rational, hence
Liiroth’s question for surfaces remains true.

In the beginning of 20 century first counter-example to Liiroth’s problem in dimension

3 was constructed by Enriques ([Enrl2]) as a complete intersection of quadric and cubic in
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P>. After 50 years three different counter-examples appeared, together with new methods.

Precisely:

e Clemens-Griffiths in [CG72] proved that smooth cubic threefolds in P* (which are in
fact unirational) are not rational. The idea was to show that intermediate jacobian of

such varieties is not a Jacobian.

e Iskovskikh-Manin in [IM72] proved that a smooth quartic threefolds in P* is not ra-
tional. Since there exists known examples of unirational quartic threefolds, this result
leads to another counter-example to Liiroth’s problem. The idea was to compare bira-
tional automorphisms group of quartic threefold (which is finite) with corresponding

automorphisms group of P? (in fact very large).

e Artin-Mumford in [AM72]] proved that double cover of P* branched along a quartic
surface in P? with 10 nodes is unirational and not rational. The idea was to show
that torsion of third cohomology group of this variety is non-trivial, leading to new

birational invariant.

We refer to book [Bea+16]] for a very good and complete exposition of the past and mod-
ern approaches in these problems.

In positive characteristic Liiroth’s theorem is still true (over algebraically closed field) in
one dimensional case, but this is no longer true for surfaces as was first shown by Zariski

([Zar58]]).

Definition 4.1.2. An algebraic (non-rational) surface S, over algebraically closed field of
characteristic pis called a Zariski surface if there exists a purely inseparable dominant rational

map P?-—-> X of degree p.

The above definition allows us to thinking about Zariski surfaces as a first non-rational

and unirational surfaces over algebraically closed field of characteristic p.

§4.2 Zariski K3 surfaces

From [Shi74] it follows that Zariski surfaces .S are automatically supersingular i.e.
second Betti number of .S = Picard number of S.
This implication leads to the following question, originally posed by Shioda in [Sh177]:
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Question 4.2.1. Is any supersingular surface a Zariski surface?

There are some partial results in this question concerning supersingular K 3 surfaces. Uni-
rationality of supersingular K3 surfaces is known in characteristic 2, this results was proven in
[R§78] by Rudakov and Shafarevich. Moreover Artin and Shioda in papers [Art74], [Shi74]]
constructed supersingular K3 surfaces which are unirational. Today, all these results are di-
rect consequence of the result of Liedtke (cf. [Liel3S]]), who proved that all supersingular K3
surfaces are unirational.

Lack of general results and constructions in arbitrary large characteristics indicates that
the answer to in full generality might be difficult. Recently Katsura and Shiitt in [KS20]

gave partial answer to restricted question:
Question 4.2.2. Is any supersingular Kummer surface is a Zariski surface?

Katsura and Schiitt constructed first examples of Zariski K3 surfaces using the classical
Kummer construction in dimension 2. The crucial part of their idea was a special endomor-
phism of supersingular elliptic curves admitting automorphisms of order 3 and 4. They proved

the following theorem:

Theorem 4.2.3. Let p > 2 be a prime such that p # 1 (mod 12). Then any supersingular

Kummer surface in characteristic p is a Zariski surface.

In particular they constructed first example of K3 surface which is a Zariski variety.

§4.3 Zariski Calabi-Yau varieties

In this section we extend the argument given in [KS20] to obtain higher dimensional Calabi-

Yau manifolds, which are Zariski varieties.

Definition 4.3.1. An algebraic (non-rational) variety X of dimension n, over algebraically
closed field of characteristic p is called a Zariski variety if there exists a purely inseparable

dominant rational map P" - - > X of degree p.

4.3.1 Z/3Z action

Let Ej;; be the elliptic curve given by the equation y,.2 +y = xl.3, fori € {1,2,...,n} with the

{3 action 75 ¢ (x,y) = ({3x,y) and consider groups

Foi={((r;,1,....,7), (Lgg, 1, ..., 1,7, ooy (Lo, Ly, th)) 2 207 >~ G

3,n°
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fori=1,2.

_E; X E5p X ><E3,n/

Lemma 4.3.2. The quotient variety Z,, F, IS rational.

1

A A A : S
Proof. The monomial x'x} - ... - x,'y|'y; - ... - y' is invariant under F, iff 3 | i, + i, for

1 < k < n, thus

ClZ;, 1 = Cly, ¥ps v s Vs X1 X5 . xn_lxi, x?x

. Xl X2 cee Xn_l
Now let z : = —————— and observe that

Xy

C(Z3,) =Cy, Y25 o5 Vi 2)s

since

2 _ 02 2.2 2 — 202
XXy oo X, X, =2y, +y,) and  x{x5...x; X, =z7(y, +,).

Moreover we have the following relation

S (xlxz ...xn_1>3 Ot YDOL ) )
X, Yot Y

or equivalently

D+ )+ e P 4+ 00) =207 + 3.
Taking a := i, we get the equation
n—1
4+ +y) e Vo, + 1) + D) = Zaay,  + 1),
from which we can compute y, , and y, = ay,_, as rational functions in y,, y,, ..., ¥,_»,
z, a. Hence the variety Z; , is rational. [

Now, consider a prime number p = 2 (mod 3) and the supersingular elliptic curve E,
over a field k, such that {; € k and char k = p, defined by equation y? + y = x?, and with the

{5 action 73 ¢ (x,y) = (§3x,y). The endomorphism ring of E; may be represented as

A+ F)2+ 1)
3 )

End(E)=Z®ZF ® 71, ®Z

where F is a Frobenius morphism of E;, with the relation Fr, = 132F (cf. [Kat87]).

/—n\/
Theorem 4.3.3. The Calabi-Yau manifold E; / F,= X3, s a Zariski manifold.
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Proof. Commutativity of the following diagram

leads to purely inseparable rational map E; / F, K / F, of degree p. Since E; / F, by
4.3.2)is a rational variety, the theorem follows. O

4.3.2 Z/4Z action

Let E,; be the elliptic curve given by the equation y? = x? — x;, fori € {1,2, ..., n} with the

¢, action 7, : (x,y) = (—x,iy) and consider groups
H, :=((z,,1,....,1,7), (Lz, 1,.... 7)), ... ,....Lg,1)) =7 ~G,,.

fori =1,3.

As in the previous section the following lemma holds

_E, xE;,x..xE,,

Lemma 4.3.4. The quotient variety Z,, .= / H, is rational.

: by b by« .. e
Proof. The monomial x{' x> ... x,"y,'y,> ... y," is invariant under H, iff either

(1) 2|a;+a,and 4 | b, + b, for 0 < i < n, which are generated by
4 4 4 3 3.3 3 2 2 2
Vis Vor wvoes Yos VYo eon Vo (Voo ViVy oo Vo (Vs Xis X35 eevs Xos XXy XX

or
(2) 24a,+a,and b, + b, =2 (mod 4) for 0 < i < n, which are generated by

2.2 2 2.2 2
ViVoooe Va1 X Xy oon X, (s V1V5 oon Vo Xps ViVo oo VX Xg oot X,y

2 2 3.3 3.3
VYo ooe VuXps ViX(Xg oo Xy 1y ViXps (V5 oon Vo (VX Xy oon X
3.3 3.3 2.2 2 4 2.2 2 4
VVy oo Vo Vi Xos VIVyooe Vo 1 VoXps V1Vy oo Vi (VoX1Xg oo X,y

XXy ..o X

12 -1

2z =———andz, =
xl’l yn

iYo-oi Yy

Letus take #; 1= x —L and observe that

C(Z,,) =C(t),1ys ..ty 25)
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indeed it follows from identities
VS 2 Yy Y Y = Y VIV VY, = B

— 2. _ _ 2.2 2 2 (2
X\ Xy X x =zt yox, =t —1), yjy5...y,_ X X,...x | =225 (¥Xx,),
2.2 2 2 2 _ 2
ViVoeoo Vo 1 X, =25 (V)X,)y ViVo o VX Xg oo X = 2y - (VX)) * 25
— 2 2 2 3.3 3 3. _ 3.4 2
VYo oo VoXy = 2o - (VX)) VX1 Xg oo Xy = (VX)) 2 25 V{Vs oo Vo (Vo X, = Z5Y - (V,X,),

33 33 _ 3 42 4 ) 2 A _ 2 42 4
ViVy oo Yy VX Xy oo X = 2o - (0,%,) - Y, 200 V1Vy o Yy Y, X = Z5 - (15X,) - Vs

22 2 4 2 (2 4 z(t, — 1)
X Xy...X, 1 =2z>-(y:x ) -yz,, z, = .
Yy V0 Yoy = 50 00X) V2 &S T

The variety Z, , may be defined by the equation

o, — D> =1ty b, (6 — D1, — D (1, — D2

t,—1
Taking o := . - T we get the equation

n—1
ot (a(t, — D+ 1) =011, — 120, - D> ... (t,_, — 1),
which is linearin7,_;, so
C(Z,,) =C@.1,,...,1,5, 2, Q).

O

Now, we assume p = 3 (mod 4). Consider the supersingular elliptic curve E, defined by
the equation y* = x> — x with order 4 automorphism z,(x, y) = (—x, iy). The endomorphism
ring of E, may be represented as

1+ F

1+F>

End(E4)=Z€BZT4€BZ( )65214(

with the relation Fz, = 7, F (cf. [Kat87]).
/n\/
Theorem 4.3.5. The Calabi-Yau manifold E, / H,= X, U1s a Zariski manifold.

Proof. The commutativity of the diagram

Hl
Ej — E|

lx...xlel O llx...xle

E} ——— E|
3
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leads to purely inseparable rational map E, / H, N A / H, of degree p. Since E, / H,
by {.3.2]is a rational variety, the theorem follows.
]

4.3.3 Z/6Z action

Let Eg; be the elliptic curve given by the equation yl.2 +y = xl.3, fori € {1,2,...,n} with the

s action 7, © (x,y) = ({3x,—y — 1) and consider groups

Ji=((te, 1,....1,7), (Lt 1,..., 1,70, oo, (4., Lt 7)) 2 707! =~ G,

fori =1,5.

— E6,1 X E6,2X Lo X E6,n/

Lemma 4.3.6. The quotient variety Z, J, is rational.

. b, b b . . . .
Proof. The monomials x{'x3* ... x,"y,'y.* ... y," are invariant under J, iff b, = Ofor 1 <i <n

and forany 1 <i <n: 3| a; + a, Consequently, these monomials are generated by:

2 2
X5 X0 X

. X1X2 cee xn—l
Now let z : = —————— and observe that

C(Zs,) =CWy1, ¥ -5 Vs 2)s

since

3

2 2 2 ;
X =y + Y, X1Xy... Xp_1X, = Z(yn + yn) and x

2.2 202
X5 X X, =27y + ).

Moreover we have the following relation

S <x1x2 X, >3 Ot YDO5 ) )
X, YotV

or equivalently

D+ + 1) e o+ V) = 207 + 3
Taking a := i, we get the equation
n—1
T+ +3) e Vo, + 90D + D) = Za(ay,  + 1),

from which we can compute y,_, and y, = ay,_, as rational functions in y, y,, ..., ¥,_s.
z, a. Hence the variety Z, is rational.

O
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In that case we use elliptic curve with the same equation as in the case of the action by
Z/3Z. Take a prime number p = 2 (mod 3) and the supersingular elliptic curve E, over a
field k, such that ¢, € k and char k = p, defined by equation y* + y = x>, and with the ¢,
action 7, : (x,y) — ({3x, —1 — y). The endomorphism ring of E, may be represented as

1+ F)2-14)
3 )

End(E,))=Z®ZF ® Zr,® Z

where F is a Frobenius morphism of E, with the relation Fr, = 165F .

L
Theorem 4.3.7. The Calabi-Yau manifold Eg / J = X, IS a Zariski manifold.

Proof. The commutativity of the diagram

" I y
E6 E()

lx...xlel O llx...xle

Ej ——— E,
5

. . E" E" . E"
leads t \ ble rational 6 6 fd .S 6 b
eads to purely inseparable rational map "6 / J / J, of degree p. Since / J, by
4.3.2)is a rational variety, the theorem follows. O

Directly from the previous sections the following corollaries hold:

Corollary 4.3.8. In any odd characteristic p # 1 (mod 12) there exists a Zariski Calabi-Yau

manifold of arbitrary dimension.

Corollary 4.3.9. In any odd characteristic p £ 1 (mod 12) there exists a unirational Calabi-

Yau manifold of arbitrary dimension.

Remark 4.3.10. According to our knowledge constructed varieties are the first example of
higher dimensional (at least 3) Calabi-Yau manifolds with Zariski property. However there
are unirational Calabi-Yau manifolds of arbitrary dimension in many positive characteristics

(in fact in characteristic 0, a Calabi-Yau variety cannot be unirational, cf. [MM&6]) i.e.

e Hirokado’s construction of Calabi-Yau threefold obtained as a quotient of P* by a p-
closed rational vector field in characteristic p = 3 (see [Hir99]]). In fact Hirokado’s

Calabi-Yau threefold is a non-liftable Calabi-Yau threefold in characteristic 3.
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e In papers [HISO7], [HISOS] authors adopted Schoen’s construction of Calabi-Yau three-
folds using elliptic surfaces ([Sch88]) to obtain unirational Calabi-Yau threefolds in

characteristic 3.

e Let X denotes Fermat variety of dimension r and degree m i.e. smooth hypersurface
in P! given by the following equation:
g y g¢q

X'+ X'+ ..+ X" =0.

r+1

In [SK79] it is proven that if p* = —1 (mod m) for some integer #, and for any even

positive integer r, the Fermat variety X' is unirational in characteristic p.

Therefore, we may take arbitrary even positive integer m, put r := m — 2 and consider
prime p which is —1 (mod m) (there are infinitely many such primes). Then X  is
unirational Calabi-Yau variety in characteristic p. See also [Shi92] for a construction of

unirational complete intersections of Fermat’s hypersurfaces in positive characteristic.
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Chapter 5

Calabi-Yau varieties of
Borcea-Voisin type

One of the first important achievements in the theory of Calabi-Yau threefolds and particu-
larly in Mirror Symmetry Conjecture, was the construction given independently by C. Borcea
([Bor97]]) and C. Voisin ([V0193]]). They constructed families of Calabi-Yau threefolds using
a non-symplectic involutions of K3 surfaces and elliptic curves. Moreover C. Voisin gave a
construction of explicit mirror maps.

The Borcea-Voisin construction is actually similar to the one given by C. Vafa and E. Wit-
ten in [VWO93]. They divided a product of three tori by a group of automorphisms preserving
the volume form. This approach gave rise to abstract physical models studied by L. Dixon,
J. Harvey, C. Vafa, E. Witten in [Dix+835}; |Dix+86|]. Similar constructions i.e. quotients of
products of tori by a finite group were classified by J. Dillies, R. Donagi, A. E. Faraggi an K.
Wendland in [D1107; [DFO4; [DWO9].

There are many generalizations of the above constructions. The first idea is to allow au-
tomorphisms of higher order. In [Roh10] Rohde constructed Calabi-Yau threefolds by taking
a quotient of a product of an elliptic curve and a K3 surface by an automorphism of order 3,
fixing only points or rational curves on the K3 surface. A. Molnar in his PhD thesis ([Mol15])
found another groups acting on a product of three elliptic curves and studied modularity of
the resulting quotients. S. Cynk and K. Hulek study examples of threefolds (and higher di-
mensional varieties) using involutions and higher order automorphisms (see [CHO7]]); they
also proved their modularity. Finally [CG16] A. Cattaneo and A. Garbagnati used purely non-
symplectic automorphisms of order 3, 4 and 6 to generalized the Borcea-Voisin construction.

Another possibility is to take a quotient of a product of two K3 surfaces by a finite group.

Such fourfolds were studied by J. Dillies in [Dill12a]. F. Reidegald divided .S x P!, where
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S is a K3 surface, by a cyclic group of order 3. He also found a desingularization of such
quotients (see [Re1l3]]).

Our attempt to generalize Borcea-Voisin construction is to allow more elliptic curves as
a factor and make construction similar to Cynk-Hulek construction in chapter 2. At the same
time we increase the dimension of the resulting variety.

In this chapter we briefly recall the original Borcea-Voisin construction and its gener-
alization given by A. Cattaneo and A. Garbagnati. Then we shall give higher dimensional
generalisation and compute Hodge numbers of resulting varieties using the orbifold coho-

mology formula and the stringy Euler characteristic.

§ 5.1 Borcea-Voisin construction

One of the many reasons behind the interest in non-symplectic automorphisms of K3 sur-
faces is the mirror symmetry construction of C. Borcea ([Bor97]) and C. Voisin ([Vo193]).
They independently constructed a family of Calabi-Yau threefolds using a non-symplectic
involutions of K3 surfaces and elliptic curves. Moreover C. Voisin gave a construction of

explicit mirror maps.

Theorem 5.1.1 ([Bor97; Voi193])). Let E be an elliptic curve with an involution ap which
does not preserve wy. Let S be a K3 surface with a non-symplectic involution ag. Then any

crepant resolution of the variety ExS / 2. X . s a Calabi-Yau manifold with
EX Xg
A" =114+5N - N’ and h*' =114+5N'—-N,
where N is the number of curves in Fix(ag) and N' is the sum of their genera.

C. Borcea considered any two varieties (X, cy) and (Y, oy ) of the Calabi-Yau type (i.e.

K, = K, = 0) with involutions ¢, and o, and made the blow up of X X Y along Fix(cy) X

Fix(oy) which produced a crepant desingularisation of X XY / oo X Ou
x X Oy

From Nikulin’s classification ([N1k87]) it follows that for any K3 surface .S with non-
symplectic involution ey which fixes N curves with sum of genera equal to N’, there exists
a complementary surface .S and its non-symplectic involution &y with N’ fixed curves with
sum of genera equal to N. Thus we have the following corollary:
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_—— - ) T

Corollary 5.1.2. The pair £ % S/aE X ag’ EX S,/aE X g IS 4 MIrror pair i.e.
—_— e — /_\/
1| EXS _ 21 ExS’

/_\/ /_\/
20 [ EXS _ 11 ExS’
h < /aEXaS>_h < /(xEX(xS,>'

Y. Goto, R. Livné, N. Yui in [GLY 13]] computed zeta function of the Borcea-Voisin three-
fold:

—_— T~ —

Theorem 5.1.3 ([GLY 13|]). The Hasse-Weil zeta function of SXE / ap X ag has the follow-
E

ing form

£ m/\/ ) HE® 1 9LE® p, LG, s - 1)4.
Fp X &g’ E@, 5)L,(X, 5)L,(X, s — DEQ, s — 3)

Moreover if all algebraic cycles in N S(S)*s are defined over Q, then
LZ(X’ S) = §(Q7 s — 1)11+5N_N,a

otherwise

LZ(Xa S) = é(@, N 1)1+I+4(N+1)L(P’» S)’

wheret < 11 + 5N — N’ = h'! is the number of algebraic cycles in N S(S)* defined over
Q, p' is an irreducible representation of dimension 11 + 5N — N' —t and L(p’, s) is its Artin

L-function.

Here (S, ag) is K3 surfaces from the family satisfying

§5.2 Generalized Borcea-Voisin construction

In [CG16] A. Cattaneo and A. Garbagnati generalized the Borcea-Voisin construction allow-

ing a non-symplectic automorphisms of a K3 surfaces of higher degrees i.e. 3, 4 and 6.

Theorem 5.2.1 ([CG16]). Let S, be a K3 surface admitting a purely non-symplectic auto-
morphism ag of order d = 3,4,6. Let E,; be an elliptic curve admitting an automorphism a g

of order d. Then Sy X Ed/ n—1, 18 a singular variety which admits a crepant resolu-

as, X oy
/_\_/ /\_/
. . .. S XE . S X E . .
tion of singularities ©d d d-1. In particular ©d d d-1is a Calabi-Yau
/asd X ag /an X ap

threefold.
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Proof. Since S, and E, are Calabi-Yau varieties, the product .S, X E, has trivial canonical

bundle and a generator of H>(S X E, C) is g, A wj . We have

-1 d-1
ag X O‘Z"d (g, Awg )=, (w5, ANwp ) = w5 Aog,

hence by 2.1.21|there exists a crepant resolution of Sa X Ey / d—1. [
@, X oy
Definition 5.2.2. A crepant resolution of Sa X Ey / io1 =~ PaX E, / is called a
ag, Xa E, Z,

Calabi-Yau 3-fold of Borcea-Voisin type.

The authors gave a detailed crepant resolution and computed the Hodge numbers of the
resulting algebraic varieties. For all possible orders they computed the Hodge numbers of
these varieties and constructed elliptic fibrations on them. Their computations are quite tech-
nical and rely on a detailed study of crepant resolutions of threefolds. Main results of their
paper are the following theorems:

Order 3:

Theorem 5.2.3 ([CG16]). Suppose that Fix(as,) consists of k curves together with a curve

with highest genus g(C) and n isolated points, then for any crepant resolution of the variety

S3 X E; / as, X 0 3 the following holds:
M'=r+1+3n+6k and h*' =m—1+6g(C).

Order 4:

Theorem 5.2.4 ([CG16]). Suppose Fixaé is not a union of two elliptic curves, then for any
4

S4><E4/

crepant resolution of variety 3 the following formulas hold

ag, X ap

o [If D is of the first type, then

A =14r+Tk+3b+2(n +n)+4a, and h'?=m—1+7g(D).

e [If D is of the second type, then

W' =1+r+7k+3b+2(n; +n)+4a, and h'*=m+2g(D)- %

where

82



r := dim H*(S, C)%, a := number of pairs (A, A") of curves
which are fixed by afq and ag(A) =

— di 2 . i ;
m = dim H*(S,C), for 1 <i <5, A’ (curves of the third type),
N := number of curves which are fixed by D := the curve of the highest genus in
o S
s? )
k := number of curves which are fixed by n, := number of points which are fixed
ag (curves of the first type), by ag not laying on the curve D,
b := number of curves which are fixed by n, 1= number of points which are fixed
(xg, and are invariant by a ¢ (curves of by ag laying on the curve D.
the second type),
Order 6:
Theorem 5.2.5 (|[CG16]). For any crepant resolution of variety S X E6/a <o the fol-
S E
lowing formulas hold ‘ ’
hl’l =r++ 1 + 21 + 2N - 2b + 4k - 2a + 31’1’ + 3p(2’5) +p(3,4),
m— 1+ 8g(D) + g(F,) + g(F,/rs) ifg(D) > 1
h'? = {m—1+28(G) +28(G/vs) + g(F)) + g(F, /7s)
+g(Fy) + g(F>/rs) ifg(D)=0
where

— di 2 Y.
ri= dim H(S, €y, F|, F, := the curves with the highest genus

m 1= dim HX(S,C), for 1 <i <35, in the fixed locus of .
6
| 1= number of curves fixed by y, a := number of triples (A, A', A") of
curves fixed by y) such that
k := number of curves fixed by %, ys(A) = A" and y4(A") = A",
N := number of curves fixed by yg, b := number of pairs (B, B") of curves

xed by y% such that y(B) = B’,
Pos) + Paay := number of isolated points fixed by S Vs s(B)

¥s of type (2,5) and (3,4) i.e. the D := the curve with the highest genus in

action of yg near the point lin- the fixed locus of v,

earises to respectively diag({Z, £2) and

diag(Z2, ¢H, G := the curve with the highest genus in
the fixed locus of v,

n .= number of isolated points fixed by yg,

2n' := number of isolated points fixed by }/§
and switched by y,

In [Burl8] we gave shorter proofs of formulas of Hodge numbers using orbifold coho-

mology [2.2.1] and orbifold Euler characteristic[2.4.1] We also got new relation among above
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invariants by comparing Euler characteristic with a stringy Euler characteristic (see section

2.4).

§ 5.3 Higher dimensional Calabi-Yau varieties of
Borcea-Voisin type

Take d € {2,3,4,6} and let S, be a K3-surface with non-symplectic automorphism y, of
order d. Moreover, let E; be an elliptic curves admitting automorphisms a, of order d. By
[Sil09] no other value of d can be attend by order of an automorphisms of elliptic curve.

The following group
Gy, ={m,my,....m)EZ,:m+m+..+m =0} Z;_l

acts on §; X Eg‘l by (}/d)m1 on the first factor and adm" on the i-th factor, where 2 < i < n.

Moreover G, preserves canonical bundle of S, X E’~".

Theorem 5.3.1. Under the above assumptions there exists crepant resolution Y, , of the quo-

n—1
tient variety Sa X E / G, In particular Y, ,, is (n + 1)-dimensional Calabi-Yau variety.

Proof. For d = 2, theorem follows from Proposition 2.1 of [[CHO7] and induction.
Taking X, := E, and X, := S, in Propositions 3.1, 4.1 of [CHO7] for d = 3 and 4,
respectively and for d = 6 we see that all needed assumptions are satisfied. Therefore
-_ ~—  _—

there exists a crepant resolution Sa X Ey / z, of Sa X Eq / z, and non-symplectic automor-
/\/

phism 7, on Sy X Ey / 7 of order d which has the same properties as y,. Hence by induction
d

we are done. OJ

Definition 5.3.2. We call the resulting variety Y, , an (n + 1)-dimensional Calabi-Yau mani-

fold of Borcea-Voisin type.

Remark 5.3.3. For n = 2 our construction coincides with generalised Calabi-Yau threefolds
of Borcea-Voisin type given by [CG16]. A. Molnar in his PhD ([Mol15]]) studied the above

construction for n = 3.

5.3.1 Order 6

We shall keep the following notation introduced in [CG16]:
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S — K3 surfaces with a non-symplectic au- r = dim H%(S,, C)’s,

tomorphism y, : S, — S, of order 6 m = dim H(S,, 0), fori € {1,5),
Eg —.elhpztlc cugve with the Welerstr.ass o = dim H*(S,, C) 6 for i € (2.4},
equation y* = x* + 1, and automorphism %

ag(x,y) = (C62x, —¥), where ¢, denotes a f = dim HZ(S6,C)§2,

fixed 6-th root of unity satisfying ¢ 62 ={;,

Fix(ae) = Fix()) = { f,}, Fix(a)) = {1, f5, f3}, where ag(f,) = f3, a5(f3) = f, and
FiX(ag) = {f1af4’f5’f6}’ where ae(f4) = fs’ aﬁ(fS) = f6 and a(,(fﬁ) = f4.

Fix (vs) = (K, ... K,_;}U{D}U{P,....,P, JU{0Q,..., 0, ), where

> 7 Pes)

— theset {K,, ... K,_,}U{D} consists of curves which are fixed by y, together with

the curve D of maximal genus g(D), in fact K, are rational,

-{P,..., Pp(2 . } 1s the set of points such that linearisation of y, near the fixed point

is represented by the diagonal matrix diag(¢?, &),

- {0, ... Q. } is the set of points such that linearisation of y, near the fixed point

is represented by the diagonal matrix diag(¢;, &),

Fix (72) = {Lys-os Loyt ) U (G) U (A, A, o, (A ADY U LR, R), oo (R,

R)Yu{P,...,P, 1}, where

> T Pes)
— theset {L,,... L,_,,_;} U {G} consists of curves which are fixed by y62 together

with the curve G of maximal genus g(G), in fact L, are rational,

- {(A, A), ..., (A, A))} is the set of all pairs (A;, A}) of curves which are fixed by
ve and y4(A,;) = A/ (curves of the third type),

R!)} is the set of pairs of points fixed by y62 and such that

n'

~ {(R,R),...,(R
7/6(Ri) = R:,

Fix (y2) = {(M, M/, M]'), ... ,(M,, M!, M)} U(T,, ..., Ty_3,_,} U{F,, F,}, where

— the set {(M,, M{, Ml”), ey (M, M(’l, M;’)} consists of curves which are fixed by
v, and such that y,(M,) = M/, ys(M]) = M/" and ys(M") = M,

— the set {T},...,Ty_5,.»} U {F|, F,} consists of curves fixed by y, (and so y6)
together with curves F, and F, of maximal genera g(F)) and g(F,), respectively.

85



H'(S,, Cs H"Y(Sg,C),, H" (S, C)2

1 0 0
0 0 0 0 0 0
0 r 0 1 m—1 0 0 e} 0
0 0 0 0 0 0
1 0 0

According to the method presented inwe need to find F Sk (X,Y) for0 <k, j5. Let
us start with a description of the decomposition of the Hodge diamonds by the eigenspaces

of the action of y; on H*(Sg, C). Hodge diamonds of eigenspaces have the following shape:

H'Y(Sg,C)y H'Y(Sg,C),s H'Y(Sg,C)s
0 0 0
0 0 0 0 0 0
0 o} 0 0 o 0 0 m-—1 1
0 0 0 0 0 0
0 0 0

Table 5.1: Hodge diamonds of eigenspaces the action of y;

Therefore
Voo = (XY +r- XY +1, X+ (m—1)- XY, a- XY, f- XY, a- XY, Y’ +(m—1)- XY).

Fixed locus Fix(y,) consists of £ — 1 rational curves, one curve of maximal genus g(D)
and p(, 5) + P 4) 1solated points. The description of that loci in terms of Hodge diamonds is

the following:

1 1
-1 x 0 0 + g(D) gD) + PpaatPos
1 1 ——
\ ) \ ) isolated points
rational curve genus g(D) curve D

Locally the action of y, on S, along a fixed curve can be diagonalised to a matrix

1 0 0

0¢ 0],

00 ¢
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with age equal to 1. In the fixed point of type (2, 5) and (3, 4) we get respectively matrices

2 0 0 £ 0 0
0 ¢ 0 and 0 ¢ 0],
0 0 ¢ 0 0 &

with ages 2. Therefore in the case of points, we must multiply Poincaré polynomials of

isolated points (i.e. ps 4 + Pps) by XY. Summarizing we get
Vo1 = (€ +pos) - XY +pagy - XY +g(D)- (X +Y)+7- XY, 0,0,0,0).
Since Fix(yy) = Fix(y65 ) and the fixed points have age equal to 1, we see that
Vss = (€4 pas) +Paay +8D)- (X +Y)+£-XY, 0,0, 0,0).

In order to compute v, , let us start with Hodge theoretical description of a components

of fixed loci of y; :

1 1
k-1 x O 0 + g6 g(G) + 2/ + Pes)
1 1 ——
\ ; \ ) isolated points
rational curve genus g(G) curve G

Moreover b pairs of curves (4, A}) are permuted by y;, therefore k — 2b — 1 rational curves
are fixed by y, one curve of genus g(G) is fixed by y, and remaining 25 curves form 2-cycles.

These gives contribution
k—b+g<G/ )(X+Y)+(k—b)-XY
Ve
to the Poincaré polynomial F ,,(X,Y) and the contribution equal to
b+ <g(G)—g(G/y6) ) (X +Y)+b- XY

to the Poincaré polynomial Fg_,;(X,Y).

Note that fixed point of yﬁz have age 2 and »’ pairs of them are permuted by y,. There-
fore, points give contribution (1’ + p,5)) - XY to Fg,_,(X,Y) and contribution n’ - (XY) to
Fg ,5(X,Y). Finally

Vs =(k=b+n' - XY +pos - XY +¢(G/, )X +V)+(Kk=b)- XY, 0, 0,

b+n’-XY+<g(G)—g<G/y6>>-(X+Y)+b-XY, o).
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Since Fix(y;) = Fix(y;) and the fixed points have age equal to 1 we have:
Vs =(k= b+ +pos+g (%), )X +V)+(k=b)- XY, 0,0,
b+n + <g(G)—g<G/y6> ) (X +Y)+b- XY, 0).

The fixed point locus of yg consists of N —2 fixed rational curves and 2 curves F,, F, with

highest genus g(F,) and g(F,), respectively. Hodge diamond of that loci has the following

description
1 1 1
(N=2) x 0 0 + glF) gF) + glF) g
1 1 1
\ J “ “ _ < “ v
rational curve genus g(F) curve F; genus g(F,) curve F,

There are a triplets of rational curves which form 3-cycle under y, action, therefore
— F, F.
Vs, 3 —(N—2a+ (g( 1/%) +g( 2/yﬁ)) (X+Y)+ (N -2a)- XY, 0,
a+3(eFr+er-g (N7, )-¢("2/, ) )X +)+a X7, 0,
1 F F.
a+ §<g(F1)+g(F2)—g< 1/%) —g< z/%) )(X+Y)+a-XY, 0).

From 2.3|and tables [5.2} [5.3] get Poincaré polynomial of ¥ , :

5
2 (FSG,OJ + v XYFg \;+ G(XY)ZFS()’ZJ + G(XY)3F56’3J + G(XY)“FS()AJ + G(XY)5F56’5’J.>><
j=0

n—1
X (FE,OJ +3 XY Fy )+ \ (XY Fg, o, + \ (XYY Fg 5, + \ (XY)'Fg, 4, + y (XY) Fys, j) -

+ /(XYY (k—b+n’-XY +p(2’5)-XY+g<G/¢:">(X+Y)+(k—b)-XY>+
+ (XYY - <N—2a+ <g <Fl/n,> +g<F2/y6>> -(X+Y)+(N—2a)-XY>+
3

/XYY (k=b+n +pps+8 <G/y6> X +Y)+(k—b)- XY>+

+ \6/ (XY)S * <f+p(2’5) +p(3’4) +g(D) . (X+Y)+bp M XY))‘

: (1 XY + VXY 423XV )2+ 23/(XY ) + 28/(XY)* + \6/(XY)5>n_1+
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AX (I —u)+ X

oo o (Ys)3-

~("/4) Mlﬁvmifvwvm +0

A\W nkv.\h«,@m.m nm.m Dﬁﬂ.ﬁr—.‘

0 0 0 0 0 ; m
0 0 I 0 0 z .
0 ! 0 I 0 - ¢
0 0 1 0 0 . .
0 0 0 0 0 ; .
X 0 0 0 X AXHI 0
S ¥ ¢ z I . ; ¥

(X akv?\e%r@ 'S 9IqeL

AX 9+ X+ X)-
.AAf\DvMIAUVMv+\=+Q

AX 9+UA+X)-

.AAf\bvaGVMV+\C«;=+Q

\Cm.c+£+5A Af\@vw|
- A:\i Mlmswi_&wvm +p

AX (1T —uw)+ X

AX -2+
A+ X)(@)8+ 59 + €V 4 4

AX-@-D+

+§+va£\bvm+@.Ni+\=+nl«

AX -0Z=-N)+UA+X)-

(Y 5+ (1) 8) +oe-n
\Q.S|$+§+SA§\ovm+
+%X.$.NE+NN.\=+£I«

AX 2+ A +X)- (@3 +
+Ax - Y9d + x-S0+ »

T+ AX 4+ (AX)
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+ (X2 +m—1)- XY> X" 4 <a XY + /(XY) <a+ %(g(Fl) + g(Fy)—
o) (50,) ) e voe ) ) () s

+<ﬂ-XY+\6/(X—Y)2-<b+n’-XY+<g(G)—g<G/y6>>-(X+Y)+b-XY>+

+ V(XY (b o+ (g(G) —g (G/yG) ) (X +Y)+b- XY)) : <\6/(XY)2 + {/(Xy)4>"_l+
+ <a XY + V(XY ) - <a+ %<g(1~1) +g(F)—g (Fl/r6> _g (Fz/%) ) (X +Y)+

ta- XY)) - (W)H + <Y2 +m—1)- XY) Yyl

From this formula we can compute Euler characteristic by evaluating the above formula
at 6-th roots of unity. Therefore we can compute this as a sum of six geometric sequences,
hence we expect that there exists recurrence of degree at most 6. In fact two of them coincides

and finally we obtain recurrence of order 4.

Corollary 5.3.4. The Euler characteristic of Y, is equal to a,_,, where

a,=12a, , —19a,_, — 12a,_5 + 20a,_,,
ay = e(Yy,) = 24,
ay=e(Ys,) =4+2r—2m+4l+06p,s) +2ps, —48(D) + 8k — 4b + 6w—
(G o o (F )\ (F ) ~
4g(9/, ) -48@+aN —da-2¢(F1/, ) =24 (Fo/, ) - 26(F) - 2(F.
Ja, = e(¥y) = 80+ 16r = 2m — 2a + 641 + 66p,, 5, + 32p5.) — 64g(D) + 68k — 64b + 36—
_ G _ _ _ F _ F
64g ( /76> 4g(G) + 32N — 64a — 328 ( 1/%) 32¢ < z/%) ,
ay = e(Yy,) = 380 + 1667 — 6m — 4a + 6601 + 666p,, 5, + 330p.4) — 660g(D) + 672k — 660b+
G F F
+ 342w — 660g ( /%) — 124(G) + 332N — 660a — 330g ( 1/%) —330¢ ( 2/%) -

—2g(F)) — 28(F)).

S

Therefore

e(Yy,) = (46 —r 4 2m— a+ 20+ pugy — 28(D) — 2k — 2b — 3w — 2g (G/%) +4g(G) — 2N — 2a—

W | —

~s(Fi/, ) -5 (/) +3e)+ 3g(F2>> =1y

90



+

¢(Fi/, ) +e(P/,, ) -3eF)- 3g(F2>>—

1 r G
‘g(‘ E—2[—2p(275)—p(3’4)+2g(D)—2k+2b—w+2g< /%) — N +2a+

se(Bh ) e() 1)

5.3.2 Relations

There are many relations among numerical invariants attached to S;. Some of them were

pointed out in [CG16] and [Burl8]. Most of them follow from adopted notation [5.3.1 and

Riemann-Hurwitz formula (see [CG16]]). In [Burl8] we got new relation by comparing

Stringy Euler Characteristic of Y, with the Euler characteristic computed from orbifold

Hodge numbers.

In the present section we shall use the same idea as in [Burl8], moreover we shall examine

another formulas i.e. Hurwitz formula and holomorphic and topological Lefschetz numbers.

Riemann-Hurwitz formula

Some isolated fixed points of y, lie on curves in Fix (yg) and all of them are of type (3,4).

The canonical map n;: G — G / y, can be considered as a covering of G of degree two

ramified at

~
number of rational curves
invariant by yg

points lying on G, which have ramification index 2, therefore by the Reimann-Hurwitz for-

mula we get:

2—2g(G)=2<2—2g (G/%))_ (P — 20 —2b— £ = 1)),
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thus
(53.1) 8(9/4,) =7 (286 — pasy + 2k~ 46— 2¢).

Assuming g(D) = 0. Let F := F; U F,. The canonical map n,: F — F/J/6 is triple

covering of F, ramified at

Paay T Pas) — 2 'EN —3a-1- fz

v
number of rational curves
invariant by yg

points, with ramification index equal to 3, so

2—-2g(F))+2-2g(F,)=3 (2 —2 <Fl/}’6) +2-28 (Fz/%)) B
= 2(Paa) * Pas) — AN =3a—1-12)).

Consequently

(5.3.2)
k F N =L 0gr)+24F) - 2p, . —2 4N —12a — 4
g /)/6 +g /7,6 = 6( g(F) +28(F) = 2pos — 2pa4 + a—4l).

Topological Lefschetz number

Using[2.5]and diagrams [5.1| we deduce:

Loy (76) = 1+14r+8-A+m=D+-a+ 8-+ a+ 8 -(m—14+1) = 2+4r+m—a—p,

therefore

24r+m—a—p=e(Fix (r,)) =2 —2g(D) + pi34 + Pes)>

which gives relation
And similarly

Loy (P)=UHr+p+D+GU+m—1+a)+@+m—1+1)=

=(+r+p+)-1l-m—-a+l=—-a+pf+r+2—-m,

SO

—a+pf+r+2—m=e(Fix(r))) =2k - 28(G),
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giving relation
(5.3.4) —a+pf+r+2-m-2k+2g(G)=0.

In the same way:

Loy (1) = +r+2a+ D=1 +F+2m=2+1)=2+r+2a—f—2m,

SO
24r+2a—pf-2m=e(Fix (7)) = 2N — 2g(F)) — 2g(F)),

giving relation
(5.3.5) 24+ r+2a—p—-2m—2N +2g(F))+2g(F,) =0.

Holomorphic Lefschetz number

According to the section [2.5| we shall deduce another relations using holomorphic Lefschetz
formulas.
On the one hand

2

Lo (r6) = D (=D'tr ((r6)" 1H'(S.09)) =1+ .

i=0

Let as compute numbers a(P) and b(C) from theorem [2.5.3}

1 1 1
a(P,) = = -

(1=, ) w3 0)-(5 L)) Um0

a0, = 1 = 1 - 1

(=) =(()-G 9) TA0a

and similarly

k)< LZ8K) Lo KE 1 G QeK)=D 1 24 144
| =% <1_C6)2 b= (1_C6)2 P& (1_C6)2 (1—C6)2
ppy= 8D LD 1-g(D) & @=2(D) (1+¢)-(-g(D)

=4 (1-¢) 176 (1-¢) (1-¢)
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Therefore
-1 P2.s) P@3.4)

L, (re) = D b(K)+b(D)+ Y a(P)+ Y a(Q,;) =
i=1 j=1 Jj=1
1+ 1+¢&)-(1—g(D p p
-1 & 4 (1+ &) - ( 28( ) N 3(3,4) : 2(2,5) :
(1—C6) (1—4:6) (1_66>(1_C6) (1_§6)(1_C6)
which is equivalent to
1+ 14+¢&)-(1—g(D D D
1+C65:(f_1)' C62+( o) - ( 28( ))+ 3(3,4) . + 2(2,5) .
(1—€6) (1—C6) (1_C6)<1_C6) (1_§6)(1_§6>
Multiplying this equality by denominators and after some manipulations we get the following
relation:
P,
(5.3.6) 3+3¢2 -3g(D) - % — Pes) =0,

which agrees with [Dil12b]].

Stringy Euler Characteristic

Using stringy Euler characteristic (see section[2.4) forn =1, ...,6 we have

(24 for n =1,
orn =3,
+48n" + 16N — 16g(F,) — 16g(F,)
672 + 13201 — 1320g(D) + 888p,, 5, + 6603 4, + 456k — 456g(G) + 456n'+
e,(¥s,,) = 3 ’ ’ for n = 4,
+ 168N — 168g(F,) — 168g(F,)
6720 + 13312/ — 13312g(D) + 8888p,, 5, + 6656p3 4, + 4464k+ ] 5
’ ’ orn=2>5,
+ 44640 — 4464g(G) + 1664N — 1664g(F,) — 1664g(F,)
66720 + 133288/ — 133288g(D) + 88888p, 5) + 66644p 5 4) + 44488k + . 6
’ ’ orn = 0.
+ 44488n" — 44488g(G) + 16664 N — 16664g(F,) — 16664g(F)) "

Comparing e (Y;,) and[5.3.4|for n = 1... 6 we obtain new relations:
(5.3.7 —2a+ 10+ N —r—g(F,)—g(F,) =0
(5.3.8) —m+2+r—2l—pos —Ppaa+28(D)—2b—-w-12¢g (G/%) +2g(G)

~2a-g(F1/, ) =g ("), ) +eF)+eF) =0,

(539) — I’ll -3+ % -r—=6I[— 2p(2’5) - 3p(3’4) + 6g(D) + 2k — 6b — 6g <G/y6> +

3 F, F. 3 3 _
+4g(G)+§-N—6a—3g< 1/y6>—3g< 2/y6>+5-g(F1)+§-g(F2)—0.

To summarize we obtained the following relations:
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Proposition 5.3.5. The following relation holds among parameters attached to Sy :

1) 0=2m+r+a+ p—20,

2) 0=n—p,s — 2n',

3 0=24+r+m—a—f—20+28(D)—puos)— P3ay

4) 0=—a+p+r+2—m—2k+2gG),

5) 0=24r+2a—-p—-2m—2N +2g(F,) +2g(F,),

6) 0=—2a+ 10+ N —r— g(F,) — g(F,),

7) 0=3+3¢—3g(D)— @ — Prs)»

$) 0=—¢(G/o)") + 7 (26(G) — posy + 2k —4b—2¢),

9) 0=—g(F/87) - g (E/o)) + < (28(F) +28(F) — 25— 2+
+4N — 12a —41), (assuming g(D) = 0),

10) 0= —m+2+r=2=pog = posy +28D) 26— w2 (/, ) +28(G)
F F

~2a-g(F1/, ) =g (), ) +aF) + (P,

11) 0= -1 =3+3 1= 6l =20 = 3+ 68(D) + 2k~ 6b— 6 (O], )+

3 F F. 3 3
+4g@)+5-N—6a=3g(F1/, ) =3¢(F2/, )+5 aF)+35 - e(Fy.

5.3.3 Order 4

We shall keep the following notation coherent with [CG16]:
S, — K3 surfaces with a non-symplectic au- r =dim H%(S,, C)",
tomorphism y, : .S, — §, of order 4 m = dim H2(S,, ‘C)q fori € {1,2},
E, — elliptic curve with the Weierstrass
equation y* = x> + x, and automorphism
a, 1s given by a,(x, y) = (=x, iy),

Fix(a,) = Fix(ai) = {fi. L}, Fix(aﬁ) = {f. f2, f3, f4}, where a,(f3) = f, and
0(4(f4) = f37

Fix (y2) = LiUL,U...ULy_, ,,_,U{D}U{(A, A)),(A;, A)), ..., (A, A)}U{B,,
B,, ..., B}, where

- {(4,A4),(A,, A), ..., (A,, A))} is the set of all pairs (A;, A)) of curves which
are fixed by y; and y,(A,) = A/,
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— {B,. B,, ..., B,} is the set of curves which are fixed by y; and are non-invariant

by 7.
Fix (7,) = {R;, Ry, ... R} U{G}U{P, Py, ..., P, } U{Q,.0,, ..., 0, }, where

— theset {R, R,, ... R,_,} U{G} contains of curves which are fixed by y, together

with the curve G of maximal genus g(G), curves R, are rational,

- {P, Py, ..., P, } is the set of points which are fixed by y, not laying on the curve
D,

- {0,,0,,...,0,,} is the set of points which are fixed by y, laying on the curve D.

From the following description of eigenspaces of H**(.S,, C):

H(S,,C)%: H"Y(S,,C),, H'Y(S,,C) HY(S,,C)p
1 0 0 0
0 0 0 0 0 0 0 0
0 r 0 1 m—1 0 0 2-7r-2m 0 0 m—1 1
0 0 0 0 0 0 0 0
1 0 0 0
We have

Vo= ((XYP+r XY +1, X (m=1)- XY, Q2=r=2m)- XY, Y2+ (m=1)- XY ).

In the fixed locus of y, there are k — 1 rational curves and one curve G of maximal genus
g(G), and points with linearisation diag(1,¢,) and diag(¢?, Cf) (lying on D or not). In the

fixed points we get ages 2, therefore
Vil = <k+ (n, +ny) - XY +¢(G)- (X +Y)+k- XY, 0,0, o).

Similarly
Vs,a = (k40 +m) +8(G) - (X +Y)+k- XY, 0,0,0).

The fixed locus of yf consists of N —b—2a—1 rational curves, one curve D with maximal

genus g(D), a pairs of curves switched by y, and fixed curves non-invariant by y,. Therefore

vsa = (N-atg (P/, ) X+1+(N-a-xY, 0, a+(e0) - ¢ (P/,, ) ) X+1)+axY).
The following tables summaries above facts about F Syki (X,Y)and F Ei ki (X,Y):
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From 2.3|and tables [5.4 [5.5| we get Poincaré polynomial of ¥, , :

((XY)2+}"XY+1+<k+(I’l1+n2)XY+g(G)(X+Y)+kXy> 4/XY+
+(N—a+g<D/y4>-(X+Y)+(N—a)-XY>-m+<k+nl+n2+

+8G) - (X+Y)+k- XY> : \4/(XY)3> : (1 XY +2VXY +3(XY ) + 2\4/(XY)3>n_1+

+(X2+(m—l)-XY> -X"—1+<(22—r—2m).XY+<a+ <g(D)—g<D/Y4>)(X+Y)+

n—1
+a- XY ) VX2 (VXYP) T+ (VP4 m=1- XY )y
Similarly as before we obtain the following corollary

Corollary 5.3.6. The Euler characteristic of Y, is equal to a,_,, where

a,=9%a, ,+a,,—9a,_;,

ay = e(Yy,) =24,

a; =eYy,) =2r+8k+4n, +4n,+ 6N —4a+4 — 14g(D) — 2m,

a, = e(Y,;3) = 64 + 20r + 80k + 40n, + 40n, — 120g(D) + 40N — 40a.

Therefore

e(Y4’n)=<—N+g(D)+m+12>'(—1)"_1—%(—N+a+3g(D)—2k—n1—nz—g—l)-9”_1+

+

| =

<N+a+g(D)—2k—2m—n1—n2—§+23>.
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(XY +r-XY +1

k+(n +nmy)- XY +g(G)- (X +Y)+k- XY
2|a+wﬁu\§v.Q+5+:<|&;Q

k+n+n+gG) - X+Y)+k - XY

1 2
X 4+ (m—1)- XY 22— r—2m)- XY
0 0
0 a+AmeTwAw\sva+5+a.5\
0 0

Table 5.4: Fg , (X,Y)

0 1 2 3

1+ XY X 0 Y

2 0 0 0

3 0 1 0

2 0 0 0
Table 5.5: Fg , ;(X,Y)

Y2 +m-1)- XY

0
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5.3.4 Order 3

We shall keep the following notation coherent with [CG16]:

S, — K 3 surfaces with a non-symplectic au- r =dim H%(S;,C)»,
tomorphism y; : S; — S, of order 3, m = dim H2(S,, C),..

E, — elliptic curve with the Weierstrass . . (2
F = F = ’ ’ ’
equation y*> = x* + 1, and automorphism x (}/3) x (y3) i Jo 13

a; is given by a;(x, y) = (§3x, p),

Fix (y3) =L,UL,u...UL,_ ,UCU{P,P,,..., P,}, where

— theset {L,,L,,... L,_;} U {C} consists of curves which are fixed by y; together

with the curve C of maximal genus g(C), in fact L, are rational,

- {P, P, ..., P} is the set of points which are fixed by y;,.

H'(S,,C)%s H'(S;,C),, HY(S5,C)
1 0 0
0 0 0 0 0 0
0 r 0 1 m-1 0 0 m-1 1
0 0 0 0 0 0
1 0 0

The following tables (5.6}[5.7) contains Poincaré polynomials Fy_, (X, Y)and Fg, , ;(X,Y),

respectively:

J
K 0 1 2
0 XYY +r-XY +1 X’+(m-1)- XY Y2+ (m—-1)- XY
1 k+h-XY+g(C)-(X+Y)+k - XY 0 0
2 k+h+g(C)- (X+Y)+k-XY 0 0

Table 5.6: Fg_, (X.Y)
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A / 0 1 2
0 1+ XY X Y
1 3 0 0
2 3 0 0

Table 5.7: Fy, (X, Y)
From [2.3|and tables [5.6} [5.7| we get Poincaré polynomial of Y; , :

((XY)2+r-XY+1+<k+h-XY+g(C)-(X+Y)+k-XY>- 3XY+<k+h+

49O - (X +Y)+k- XY) : m> : (1 + XY +3VXY + 3\3/(XY)2>"_1+
+ <X2 +m—1)- XY) X4 <Y2 +m—1)- XY) Lyl
Similarly as before we obtain the following corollary

Corollary 5.3.7. The Euler characteristic of Y5, is equal to a,_,, where

an = 7an_1 + 8an_29
a, = e(Y;,) =24,
a, = e(Yy,) = 2r + 6h + 12k + 4 — 12g(C) — 2m.
Therefore
e(Y,,) = é(188—2r—6h—12k+12g(C)+2m>-(—1)”'1+é(28+2r+6h+12k—12g(C)—2m>-8”‘1.

5.3.5 Order?2

S, — K3 surfaces with a non-symplectic au- Fix (az) ={a,b,c,d},

tomorphism y; : S, —.5; involution, Fix (7,) = C;UG,U...UCy where the set
E, — arbitrary elliptic curve with involution {C,,C,,...,Cy} contains of curves which
a(x,y) = (x,—y), are fixed by y, with sum of genera equals
r = dim H%(S,, C)", N'.

The following tables contains Poincaré polynomials F , ;(X,Y)and Fy , (X,Y),

respectively:

100



J
) 0 1
0 (XY +r-XY +1 X2 +Y*+(m-2)- XY
1 N+N - (X+Y)+N-XY 0

Table 5.8: Fg , (X.Y)

J
K 0 1
0 1+ XY X+Y
1 4 0

Table 5.9: Fp , (X,Y)
From [2.3]it follows that Poincaré polynomial of Y, , equals

((XY)2+r-XY+1+ <N+N’-(X+Y)+N-XY) : \/ﬁ> : <1+XY+4\/H>,H+
+ <X2+Y2+(m—2)-XY> (X +Y)
Using the following relations (see [Vo193|)):
r=10+N-N" and m=12—- N+ N’

we can rewrite the above formula in terms of N and N', i.e.
((XY)2+(10+N—N’)-XY+1+ <N+N’-(X+Y)+N-XY) : \/XY>><

n—1
x (1 +XY+4\/XY> + <X2 +Y2+ (10— N+ N')- XY) (X +Y)y

Remark 5.3.8. From Nikulin’s classification ([N1k87]) it follows that for any K3 surface .S
with non-symplectic involution which fixes N curves with sum of genera equal to N’, there

exists a mirror K3 surface S” and its non-symplectic involution which fixes N’ curves with
—_ T ~—_ - ~— _—

sum of genera equal to N. Hodge diamonds of SXE / zZ, and S’ X E / z, e equal to re-

spectively:
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0 0 0 0
0 114+ 5N =N 0 0 114+ 5N — N’ 0
1 11+5N - N 11+5N — N’ 1 1 11+5N" — N 11+5N' — N 1
0 114+5N' = N 0 0 114 5N — N’ 0
0 0 0 0
1 1

Figure 5.1: Hodge diamonds of Borcea-Voisin mirror pair

Corollary 5.3.9. The Euler characteristic of Y, , is equal to a,_,, where

an = 4(1"_1 + lzan_z,
ay =e(Y;,) =24,
a, =e(Y;,) = 12N — 12N’.

Therefore

Won) = %(12 +3N -3N")- 6" + %(36 ~3N +3N)- (=2,

§ 5.4 Explicit computation of the zeta function

We shall give details of computation of the Zeta functionof a Borcea-Voisin Calabi-Yau n-fold
with a very particular shape of the Hodge diamond.
Let .S be the K3 surface no. 18 from Table 1 of [Dil12b]. Then .§' is isomorphic to an

elliptic K3 surface X — P! whose Weierstrass equation is
V' =x3+ Az - 17?2
and on which we have the following {-action:
a: (x,yt)—> (C32x, Vs 2).

The surface S has the following invariants (see [[Dil12b] and relations [5.3.5):

Lr m|n]ln | k|la] psallpos| £]|N|ba]]
(o rfofolefof e of3jtwfofof1]
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The Hodge diamonds of the respective eigenspaces of induced {-action on H**(S, C)

have the following forms:

Hi’j(S’ C)a Hi’j(S7 C)a Hi’j(S’ C)az
1 0 0
0 0 0 0 0 0
0 19 0 1 0 0 0 0 0
0 0 0 0 0 0
1 0 0
H'(S,C),; H'(S,C)ys HY(S,C),s
0 0 0
0 0 0 0 0 0
0 1 0 0 0 0 0 0 1
0 0 0 0 0 0
0 0 0

The elliptic fibrations S — P! has 1 type I'V fiber and 2 type I1* fibers. To study zeta

function of S we need careful analysis of the resolution of singularities of
V=X 4 Az - 1)*2°.

In fact it suffices to study resolution of singularities of y* = x>+ A-z?> and y> = x> + 1 - 2°.
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5.4.1 Resolution of singularities of y> = x* + 4 - z?

Let us describe blow up resolution of singularities of F, := {)* = x> + 4 - z?}. Process of

the resolution can be displayed in the following graph:

Table 5.10: Process of the resolution of y* = x> + 4 - 22
where green boxes denote smooth affine pieces with the following details of a blow-up maps:

F, = {yé :/lz§+x2} :

reverse map: (x,y, z) = (X5, X,V5, X,2,),

. y z
inverse map: (x,, y,, Z,) = <x, ==,
X X

{s-action: (C3x, —C32y, C}ZZ) = (Cézx, o ng) .
F;, = {yg :x§z3 + A}
map: (x7 Y» Z) - (x3z3’ y323’ Z3)’

. x Yy
inverse map: (x5, y3, Z3) = <—, —,Z> .
- zZ z

Ce-action: (&yx,—p,z) = (E2x, 80y, 2) .

In any affine part let us mark exceptional fiber in red. Graph of intersections of curves in

the resolution has the following shape:

O D(25)

Dotted curves are permutated by a and the last one is fixed.
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5.4.2 Resolution of singularities of y> = x> + 4 - z*

Table 5.11: Process of the resolution of y* = x> + 1 - z*

Reverse maps of smooth affine pieces:

F, = {yé =ﬂx§zg +x,} ¢
map: (x, y, z) = (Xp, X,¥, X,2,),
. y z
inverse map: (x,, y,, 2,) — <X, -, —) )
X x
action: (&3x, =2y, 83z) = (82x, 6y, 6oz) .
Fy={y:=xizi+ 4} :
map: (x, y, z) = (X5Z3, V5Z3, Z5)
) ) X Y
inverse map: (xs, ys, Z5) — 2 z),
action: ({yx,—y,z) = (£2x,8y.2).
F, = {yé =xéz3 + 4} .

. 2.3 2. 4 2
map' (x’ y9 Z) - (x626’ x6y6z69 x()Zé),
. X2y 2
inverse map: (x4, Y, Zg) = 2% )

action: (&7x,-y,83z) = (82,82, 82 z) .
F;, = {yé :/lz§+zg} :

. 4 6 3
map: (X, y, z) = (XgZg, XgVZg, X3 Zg),
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. x yz* z*
inverse map: (Xg,yg,2g) = | —»—> =3 |-
z x3 x
action: (§3x, —y,z) = (ng, ng,z)-
Fy = {yé =+ Xy} :
map: (x,y,z) = (xgz;,x;ygzg,xgz; ,

' X3y 23
inverse map: (xq, Yg, Zg) = 2

action: (x, -y, C3z) = (x, Cg’y, ng).

5.4.3 Resolution of singularities of y> = x> + 4 - 2°

In this section we give details of a resolution of singularities of the elliptic surface y* =
x>+ A2

The graph [5.12] displays graph of resolution of singularities of fiber. The arrow means
blow up, variables x; (or z,) denote blow up map realized by respective variable. If there is
an affine piece with more than one singularity, we treat this as two separate pieces.

Reverse maps of smooth affine pieces:

F,={y; =iz +x,} :
map: (x,y,2) = (X5, X5, X,2,),
) y z
inverse map: (x,, y,,2,) = | x,—, — |,
X X

exceptional fiber: x,z,,

action: (&3x, =2y, 83z) = (82x, 6y, 8o z) .
Fy = {y} =xlzl + Az5} :

map: (x,y,z) = (X523, Y522, Zs),

. _ Xy

inverse map: (xs, ys, Zs) = ;, ;,z ,

action: (§3x,—y,z) = (£2x,80y,2) .

2 3.3 .

Fio ={y}, = Ax1y210 + Z10}

. 4 6 3
map' (xa y9 Z) - (xlozl()’ xloylozloa xlOZlo)’

' x yz2 z*
nverse map: (X9, Y1095 210) = | = —>—
10> Y100 210 PRI &

action: (C3x, —y,z) = (ng, Cg’y,z).
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—[2 =
Fyy ={y}, = Ax{,z), +x,,)

) X 6 2 .3
map: (x,y,z) = (x“ 1 X121 X120

. x3 y 23
inverse map: (xy;, Y1, 211) — s> |

74 22 x2
action: (x,—y,8z) = (x,8y.82z2) .
2
Fi, ={y, = lxlz ntZnt:

i X2y 4 5 2
map: (x,y,z) = (x12 120 X152V 122120 X15215)

‘ x> yz* 8
inverse map: (X5, 15, 212) = | >3 |
x*x

action: (C32x, —C32y, C3Z) = (CgX, Cods C(?Z) .
2 2 .
Fy ={yy = Ax 4214 — 214}
map: (x,y,z) — (x?4(x14214 - 1//1)3’36?43714(214214 -1/ x?4(x14214 —1/c)),
_ x> yz* (e’ + xP)
inverse map: (X4, Y145 214) = | 3 > —— = |
23 x cx
action: ((2x,-87y,86z) = (X, 8,3.822)
2 2 .
Fip =y, = xp210 + Axp7}
map: (x, ¥, 2) = (X},205, X],¥15219: X5 215),

) ( x*t yx? 22
mverse map: (X7, ¥y7,2;7) = | =, —., —
7 7 7 27’ 26 s x s

action: (C3x, —C32y, sz) = (ng, Ce¥s ng).

2 2 .
Fio ={y]g = X{9219 — AX1o} :

) 3
map: (x, y, z) = ((x19 219~ 19,(x19 19~ )y19 19’(x19 0= M) »
. ( ) (A-2° +x%)x yx* z*
inverse map: (X9, 195 Z19) = | —m———, —, —

P- (X19, V19> Z19 77 26 7 x

action: (§’3x, —C32y, 5322) = (ng, 2 Céz).
Fyy ={y3y = Az}

map: (X, ,2) = ((XpZy = 1/A)° X3, X30(Xp0 25 = 1/A) 23,0, X3 (X525 = 1/4)°)

‘ ¥ vzt 8(A2° 4+ X%)
inverse map: (X9, Y20, 220) = | 5o > ——%— |
z5 X Ax

action: (&7x,—-87y,8,z) = (8x, 8y, 822) .

F, ={J’§1 = Axy }
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map: (x,y,2) = (x,,23, (2 — 1/ D)%, x], 25 (25, — 1/ D), x3, 2} (25, = 1/2)),

Ax8 Axty A2+ x3
Z8(Az5 4+ x3)” w*(Az5 + x3)”  Ax3

action: (C32x, —&3), z) = (ng, ng,z) .

inverse map: (X,;, Y515 251) = (

map: (x,y,2) = (xzz(xzzz22 +1/0)%23 Z5, 22()622222 I/A)gyzzzgz, xiz(xzzz22 + 1/1)3252) ,

Axd ﬁ (12> + x¥)z8
Z23(Az5 +x3)7 x4’ Ax8 ’

action: (C32x, -3, C3Z) = (Céx, Cesy’ C622>'
Fy :{3%3 = Axp3}

map: (x,y,2) > (x3,25,(203 + 1/, 3,233 (203 + 1/ APy, x3, 23, (205 + 1/2)°)

inverse map: (X,,, Y19, Z97) = (

I8 Axty z3
Z28(Az5 4+ x3)" z4(AZ5 + x3) x3 )’
action: ({Zx,—&y,z) = (Ex, 80y, 2) .

F,, ={J’§4 =2Zy} !

inverse map: (X,3, 53, 223) = <

. 5.5 7 .8 7 10 3 .3 4
map: (x,y,z) — (x24z24(x24 = A x5, V0425, (Xog — A) 7, x5, 25, (X0y — 4) ) ,

inverse map: (X,4, Yous Zos) = x>+ A2 yz8 712
- (Xog5 Vous 224 25 T x2(AZ5 + x3) x4(AZ5 + x3)

action: (x, =83, 5322) = (x, ng, ng).

F;s ={y§5 =Xps} !

map: (x,y,z) — ((x25225 - /1)7225, (X55255 — A)loyzszgs, (Xy5295 — /1)4235) ,

‘ x* (A28 +x3) yx? 7
inverse map: (X,s, ¥os, 2p5) = | ———————, —, —

12 26 x4
action: (&,x, =2y, 83z) = (82x, 63,80 z) .
2 )
F26 ={y26 = Z26} .

map: (x,,2) = (X1 (tae + 1’23, X00(Xp6 + A)*yy620 Xae(X07 + )23 )
33 yz8 12
257 x2(AzZ5 4+ x3)” x4(AzZ° + x3)

action: (x, =G5, {,’322) = (x, C65y, ng) .

F;, :{)%7 =Xy}

inverse map: (X,q, Yogs Z26) — <

. 2 5,7 .2 8, 10 3,4
map: (x,y,z) = (x27(x27227 + A) 257, X5, (X07207 + A) Y9727, X7 (X727 + 4) z27) ,

: ] 7o ] B
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action: ({yx, =83y, 85z) = (8%, 8,3.8:2) .

Intersections of the curves may be presented in the following Dynkin diagram (f];";).

2 4 6 5 Z! 3 2 1

Pe5)

P3,4)

Pe5)
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Figure 5.2: Curves in the fibers

, Cy, curves in the fibers (see picture [5.2)). Given set

O-section

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
1

Denote by C, the 0-section, C,, ...

of curves is linearly independent since the matrix of intersection is non-singular:
0
0
0
0
0
0
0
1
0
0
0
0
0
0
0
0
0
0
0
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§5.5 Zeta function for d =2

In the presenting section we compute zeta function of classical Borcea-Voisin Calabi-Yau
threefold.

Let (S, ag) be a K3 surface admitting a non-symplectic involution a . Consider an elliptic
curve E with non-symplectic involution ay. Let us denote by H?(:S, C)*s the invariant part
of cohomology H?(S,C) under ag and by r the dimension r = dim H?(S,C)%. We also
denote the eigenspace for —1 of the induced action a¢ on H 2(S,C) by H?(S,C)_, and by m
the dimension m = dim H*(S,C)_,.

We use the notation adopted in the section 2.7

The polynomial Z ,,: In that case:

1
(1=T)(1-qT)

Zpoo=Z,(H"(E)") =

since the Hodge diamond of a invariant part is equal to

The polynomial Z ., ,: In that case:
Zpoo=2Z,(H*(E)_)=1-a,T +qT

for some integer a,, since the Hodge diamond of a invariant part is equal to

The polynomial Z ., ,: In that case:
Zpio=2Z,(H* (Fix(ag))) -

The last polynomial depends on the number of fixed points in Fix(ay) := {a, b, c,d} which

are defined over [Fq :
e All points a, b, ¢, d are defined over [Fq. Then the Zeta function is equal to
(1-T)*.
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e Points a, b, ¢ + d are defined over [Fq but ¢, d are not defined over [Fq. The action has

the following linearisation

1000y (10O O
o100 o100 0
000 17 loo1 of
0010 (000 -1

with characteristic polynomial

(1-TY»1+T).

e g is defined over [Fq and b, ¢, d not. The action has the following linearisation

~
’

0
0
¢

- o O O
W

o - o O

1 0 0
01 0
00 0
0 0 2

S O O
SO = O

0 &

with characteristic polynomial

(1=TY(1+T+T?>.

The polynomial Z , ,: This polynomial is obviously equal to 1.

Therefore table corresponding to elliptic curve E has the following form:

j
K 0 1
0 ; 1—aT+qT?
(1=T)(1 - qT) et T4
_
A-T)»*
1 ; 1
(1=TRA+T)
1
(A =-TR(1+T+T?

Table 5.13: Zp, ,(T)

Now let us make analysis of corresponding table for K3 surface .S.

The polynomial Z,,: In that case:
Zsoo=Z,(H™(S)*)
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The Frobenius map acting on r curves induces permutation z# € .S, with decomposition into
disjoint cycles of lengths a,, a,, ..., a, for some natural s. Since the Hodge diamond of a

invariant part is equal to

1
0 0
0 r 0
0 0
1

we have

1

Zs,o,o =

(=T —gD) [] (1-@D*) (1 -¢T)

i=1

The polynomial Z,,: One can see that
H: (S.Q,) =T(S)® NS(S)_,.

In general we cannot say much more but in special cases we can find quit explicit description
of the polynomial Z ;. In particular if .S is one of K3 surfaces appearing in Borcea-Voisin
construction then the poly can read out from Theorem [2.6.4] We shall compute polynomial

in two particular cases in sections[5.5.T]and [5.4]

The polynomial Z, ,: Let C, be the curve of maximal genus g in Fix(ag). Then we
see that
det (1 —1-Frob, |[HL(C,, Q)

Zs1o=Z,(H} (Fix(ay))) = — :
1-T)1-gD) [ - @)

i=1

Otherwise the local zeta function Z |  is equal to

1

A -T)1—gD) ] (1 - @)™
i=1

The polynomial Z , ,: This polynomial is obviously equal to 1.

Therefore the corresponding table [2.2]is equal to
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J 0 1

1

(-1 -gD) ] - @D (1-¢T) Zsou
i=1

det (1 —1-Frob, |H.(C,, Q)

(1= -qD ] ((1 —7)(1 —(qT)”f))
i=1

Table 5.14: Zg, (T)

5.5.1 Example

We shall compute the Zeta function of S X E" / G, in the case when S has particularly nice

arithemtic properties.
Let .S be the K3 surface studied in [AOP02|]. It can be defined as double cover of P?

branched along the union of six lines given by
XYZX+AY)Y +Z)(Z+ X)=0.

One can see that it is a K3 surface with an obvious non-symplectic involution.

/ N\

The resolution of the singularities of that surface is obtained in the following way: firstly
we blow up 3 triple points that defines 24 points on the double cover, then we blow up resulting

variety at 15 double points.
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The corresponding table[2.2]is equal to

J
P 0 1
0 1 1
(1=T)(1=qT)"° (1-¢°T) (1-7,4T) (1 = y,2*T) (1 - y,2°T)
1 SR S— 1
(I=TY1 —4qTy

Table 5.15: Zg, (T')

From we have the following formula for zeta function of the classical Borcea-Voisin

threefold:

—_ ~—__—

Zq<SXE/Zz> -

<<ZE,0,0(T) “Zg1o (\/5 -T) ) ® <ZS,O,0(T) “Zs 0 (\/5 : T) ))X

X <<ZE,0,1(T) *Ze (\/E ' T) ) ® (ZS,O,I(T) s (\/a T) )) =

Now according to table[5.13|we have three cases depending on number of fixed points of

ay defined over F,_. Resulting zeta functions are summarized in the following table:

SXE].
zZ X
E10 Zq< /Zz>
1 (1-a,y,qT +,2¢°T?) (1 - a,z%y, T + n'y,2qT?) (1 —a, ﬁ'zyq T + E4yqqu2>
-7y

1
(1-T)»1A+T)

1

(I-TR(1+T +T12)

(A =T)(1 - qT)* (1-¢T)* (1 - ¢°T)

=2 —4
(1-a,y,qT +,2¢°T?) (1 = a, 7%y, T + n*y,2qT?) (1 —a,7y,T+x yqqu2>

A-T)(1 - gDy (1 + 4Ty (1+¢T)’ (1-¢T)" (1-¢T)

_2 —4
(1-a,y,qT +,2¢°T?) (1 - a,z%y, T + n'y,2qT?) (1 —a,7y,T+7 yqqu2>

A=T)(1 =gy (1-¢T)* (1+ @T + ¢*T?)" (1 +qT + ¢T2)" (1 - $°T)

Table 5.16: Zeta function of Y, ,
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§5.6 Order6

Consider K3 surface .S, analysed in and elliptic curve E, with the Weierstrass equation
y*> = x> + 1 together with a non-symplectic automorphism of order 6. Local zeta functions

for both S and E, are written in the following tables:

J
A 0 1 2 3 4 5
0 1 1-aT 1 1 1 1-a&T
(I -T)(1 —qT) ? q
1
1 — 1 1 1 1 1
1-T
2 ! 1 1 L 1 1
(-1 1-T
1 1 1
3 — 1 — 1 — 1
(1-T) 1-T 1-T
4 ! 1 1 L 1 1
(1-71y 1-T
1
5 — 1 1 1 1 1
1-T

J
N ° I I R T

1 1 1 1

(1 =T)1 = gT)"°(1 - ¢*T) 1-B,T 1 =c,qT I—FqT
1 I — 1 1 1 1 1
(1 =T)>*(1 —qT)"®
2 S 1 1 1 1 1
(1 =T)°1 - qT)'s
3 1 1 1-6T 1 1-6,T 1

(1 —_ T)l()(l — qT)lU q q

1
(1 -T)5(1 - qT)

1
(=11 - qT)

Table 5.18: Z_, ;

Applying formula2.7.1| we get

7 [ S6 X Eg _ 1 1 1 1
. /Z = . . : )
6 1-T)1-q-T) (1—\6/5-T) (1_W.T)2 (1_W.T)2
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1

. 1 : 1 ® X
(1=3/g*- TP (1-+/¢5-T) A-T)1-q-T)°(—¢*-T)
X ! X ! X
(I={/a-TPA=3{/g-q-T) (1 -/ -T)(1 - {/g* - qT)’3
1 1
X X
(1_\6/5,]*)10(1_\6/;.(1.]“)10 (1_W.T)15(1_W.Q.T)6
1 1
X|[(-al)® X
- e T>18(1—x/—qT>3>] [ K (1-qu)]

[ 1 1 1
x ®(1 -7 8,T)| x : o —1 )|«
(1—\/ T> <1—642-T 1=V > (l_cq'q'T)]

T

_ 1
® (- 5 ) x|-a, TYQ| ———
(1—\/_T> Ve K ( - )

(1 —a,p,T)(1-8,T)1—-5T)1 - aqﬁqT)
(I =T)(1 = q1)' (1 = @T)%(1 = ¢°T)

Using the same method we are able to compute zeta functions of higher dimensional

/\/
o Se X Er! _
uotients 6 . In the table below we collect results for n = 2, 3, 4.
q Z,

/\/

S, x E"-
" Zq( 6% e /Z()
5 (1 - a,p,T)(1-8,T)1-38T)1-a,p,T)

(I=T)(I = qT)" (1 = ¢’T)" (1 = ¢'T)
1
2 (A =T)(1 - qT)* (1 —aqziiqT) (1=a28,T) (1-a2T)"*” (1= gT)* (1 - g2¢,T)’ (1 - ¢*T)
\ (1-a,3,7) (1= ¢6,T) (1-¢5,7) (1-73,7)
A =T)(1 =Ty (1= ¢2T)"* (1 = ¢2¢,T) (1 = ¢, T) (1= @T)™" (1 - ¢*T)*" (1 - ¢°T)

Table 5.19: Zeta function of Y ,, Y3, Y44
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§ 5.7 More constructions

The results from previous chapters can be used to construct more interesting examples of
higher dimensional Calabi-Yau manifolds. We shall present constructions involving Fermat
quadric K3 surface and some K3 surfaces with purely inseparable automorphisms of order 6.
Let
Foi={X/+X,+X;+X;=0} cP’

be the Fermat quartic defined over Q in P3. Consider a non-symplectic automorphism
oy: Fy2 (X, X5, X3, X,) = (84X, X5, X5, X,) € F,

of order 4. The fixed locus Fix(c,) consists of genus 3 curve D = {X;‘ + Xg' + Xj = 0} .

Since there are no isolated fixed points, we have the following theorem:

Theorem 5.7.1. There exists a crepant resolution of

- ~———
Fr Fr
4/22_1 - 4/22_1.

/n\/
Consequently F,,, = F / -1 is a Calabi-Yau 2n-fold.
4

The corresponding table [2.1] equals

J

K 0 1 2 3
0 (XY +2- XY +1 X2+6-XY 7-XY Y2+6-XY
1 1+3(X +Y)+ XY 0 0 0
2 1+3(X +Y)+ XY 0 0 0
3 1+3(X +Y)+ XY 0 0 0

Table 5.20: Fp,  ;
Therefore by [2.3.3}

i (Fyy,) = <<(XY)2 FXY 1+ (\4/XY +/xXYy + Q/(XY)3> (143X +Y)+ Xy))"+
+(XP+6-XY) +(7-XY)" + (Y2 +6- XY)")[XPYq].
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Propositions 3.1, 4.1 of [CHO7]] and [3.2.1 may be used to construct more higher dimen-
sional Calabi-Yau varieties.

Let Sg, S¢ be K3 surfaces with non-symplectic automorphisms y, and y, of order 6 such
that only isolated points of Fix(y,) and Fix(y,) are of type p; 4. Example of such K3 surface
was described in Table 1 of [Dil12c].

Theorem 5.7.2. There exists a crepant resolution of

/_\,_/ ,
Sl SeXS
%% g, =70 %7

/\/_/
Consequently Se X S6/Z6 is a Calabi-Yau 4-fold.

Proof. The only singularity we need to check is the singularity coming from points of the
type p 4 of surfaces S¢ and S¢. These points produce singularity of type é(3, 4,3,2) which
has a crepant resolution, see[5.3|and section [2.1.3}

Figure 5.3: Crepant resolution of é(3, 4,3,2)

The maps form S, x S; to the resolution are give in affine charts as

X t 2y t
_’_7y35 2 s z$_$y_722 s <Z t3ay$ 2>7 E’_$y37x2 )
z y? z y t 12 x y?

E 2

X

2
t
7_7y_ax2 or (E t3 y, 2).
y t x 1

N

]

Remark 5.7.3. Similarly as before we can consider the following generalisations of the above

constructions:
n—1 ! n—2
F, X E} /Z"‘l and S X S6 X E{ /Zn_l’
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where E, and E, denote elliptic curves with non-symplectic automorphisms of order 4 and

6, respectively. These quotients admits a crepant resolution of singularities by the same ar-

gument as in[5.3.1]
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Chapter 6

Fibre products of elliptic surfaces

We discuss desingularized fiber product Calabi-Yau threefolds (introduced by Schoen) and
give a method of computation of the Hodge numbers of fiberwise Kummer construction by

using Chen-Ruan cohomology formula.

§ 6.1 Schoen’s construction

Let (S,, ), (S,, ¢,) be relatively minimal, rational elliptic surfaces with surjective maps
¢, S, —> Pland ¢, : S, - Pl Consider X := S, Xp: S, the fiber product of .S, and S,. In
general X is not smooth. The singularities are the points (s;, s,) where s, and s, are singular
points of the fibers of (S}, ¢,), (S,, ¢,) over a common pointu € U := U, n U,, where U,
and U, denote the images of the singular fibre of (S, ¢,), (S}, ¢,) in P.

Assume that all fibres over U are semi-stable. Since both S| and S, are rational with
sections the fibre product X has trivial canonical bundle. The only singularities of the fiber
product are ordinary double points (nodes), they correspond to pairs of singular points of
fibers (.S,), and (S,), foru € U. In particular X is smooth iff U = §J. A small resolution X of
X is a Calabi-Yau threefold. This construction was introduced by C. Schoen ([Sch88]) who
also gave a projectivity condition for X.

M. Kapustka in [Kap09]] gave extension of Schoen’s contruction for reduced fibers i.e. II,

IIL IV.

Theorem 6.1.1 ([Kap09]). Let S, S, be two rational elliptic surfaces with section. Then
X =8| Xp1 S, admits small resolution iff all fiber of S| Xp1 S, are equal to F X I,, I, X1,
i <1, oI X III, 1V X I, II X II, where F denotes any fiber of an elliptic ruled surfaces.
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Following [CS12]] assume that both fiber S, .S, are semistable or they have the same type.
Under this assumption X has a crepant resolution of singularities X which is a Calabi-Yau
threefold.

6.1.1 Hodge numbers

In this section we discuss methods of computating of Hodge diamond of X (see [CS12])).
The Euler characteristic of X is the sum of Euler characteristics of singular fibers de-

scribed in the following table

Fiber X, I xI I x II X x 111 IV X1V

n m

e (Xg) 2mn 6 12 24

Table 6.1: Euler characteristic of the singular fibers

Therefore

6.1.1) e(}) - 2<Zt1(§)t2(§)+2n2+2n3 +3n4),
ceU

where ?,(&) (resp. t,(£)) denote the number of components of the fiber (S,) ¢ (resp. (5,),), ny,
n, and n, denote the number of singular fibers of type II, IIT and IV, respectively.

By the Shioda-Tate formula
(6.1.2)
7 (X) = d +3 +rank(MW(S)) + rank(MW(S) + Y, <# (components of}§> - 1) ,

el ul,
where d = 1 if S, and §, are isogeneous and d = 0 otherwise.
Using this formula Schoen gave examples of rigid Calabi-Yau threefolds as a self-fiber
products of a rational elliptic surfaces with four semi-stable fibers (Beauville surface).
Merging formulas[6.1.1] [6.1.2] we can obtain the following
W2X) =d +#U, UU) =5+ 3 () - D+ Y (&) — 1),

£eU,\U £eU\U

§ 6.2 Kummer fibrations

Every birational map «; : S; — S, preserving fibration z; : .S; — P, is an automorphism

(see [IS96]). For apairof ; : .S; — P! (i = 1,2) of automorphisms acting fiberwise we can
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consider also

which lifts to an automorphisms a : X — X. If a preserves the canonical form on X and the
quotient X / o dmits an a crepant resolution of singularities then we again get Calabi-Yau
threefold, we can use orbifold formula to compute its Hodge numbers.

Schoen studied the most natural case of construction, with quotient of X by the natural
involution (fiberwise Kummer construction).

Let S, be a rational elliptic surface with section b, : P! — S, fori = 1, 2. Suppose S, S,
admit only singular fibers of type I, IL, III or IV. On the fiber product X := S, Xp: S, we

get an induced section b = (b, b,) : P! — X. Now consider involutions
iy Sy xm b(m(x)—x €S,
where 7z, denotes projection onto k-th coordinate, for k = 1, 2. Let us define involution
it X 3 (x),x) > (i)(x),i(xy)) € X.
Observe that i is well defined because on each fiber we have a group structure.
Theorem 6.2.1 ([Kap09|]). There exists a crepant resolution of singularities
Y+~ X / (i)

Consequently Y is a Calabi-Yau threefold (not necessarily projective).
Moreover if X does not have singular fiber of type I, X1, then Y admits projective crepant

resolution of singularities.

Kapustka gave a method of computing Hodge numebrs using presentation of S, .S, as
double quartics (see [Kap09]]). We shall describe more direct approach based on orbifold’s
formula (see section . Let } be a Calabi-Yau resolution of X, the involution i lifts to an
involution on X.

Since we consider only small resolutions all components of Fix(i) contained in fibers are

rational hence we do not affect H;r’f)(Y). From it follows that

HI’Z(Y)=H1’2<y)<i>+ P v O=H>X"+ @ sO.

CeA(Fix(i)) CEAm)
where C, := Fix(i,), C, = Fix(i,) and A(C, Xp: C,) denotes the set of connected components

of the normalizationz’xl_g2 of the fiber product C; Xp: C,.
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From Hurwitz formula

D @e-2Cy=2-16—= 3 (-1

CEACXp1Cy) PEC %1 C,
where e, denotes multiplicity of P. Therefore in order to find @ g(C) it suffices to

CEAC %1 C)
compute

—_— —  —
e number of components of C; Xp1 C,,
e ramification index of any point P € C; Xp: C,.
Sections C, 1 C, can be presented by using monodromy representation:

Theorem 6.2.2 ((Mir95]). Let B = {b,, b,, ..., b,} C P! be a finite set of points. Then there

isal —1 correspondence

Conjugacy classes of n-tuples (o4, ..., 0,)
of permutations in X, such thato, ...0, =1
and the subgroup generated by the o,’s

is transitive

Isomorphism classes of holomorphic
maps F : X — P! of degree d o
whose branch points lie in B

Adding some unramified points we can assume that they are given as sequences of n points

®

by, ..., b, € P! and permutations ¢,

O';i), L Gr(f) = Zdi fori = 1,2, where d, is the degree
of map C; - P! and

O'ii) G,(j) = 1.
(i)
1

We do not assume that the group (o, ... Uf,i)> is transitive as the curve C, can be reducible.

Now forming the product representation ¢; = aii) X aii), ...,0, =0 x o we get mon-
. - . -
odromy representations of C; Xpi1 C, which allow us to compute components of C; Xp1 C,

their genera and consequently the sum of genera.

6.2.1 Ramification index of point P € C, Xz C,

If i,, i, are involutions then curves C, and C, are fourfold covers of P!, if moreover they are
reducible (which happens in particular for standard Kummer fibration) then the sum of genera
of components of,CWE2 can be computed form the analysis of behaviour of involution on
singular fiber.

We start with a careful study of the action of the involution i on singular fibers of .S, .S,.
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Lemma 6.2.3 ([Kap09]]). Assume that S is a rational elliptic surface with chosen 0 section

with reduced fibers. Let i be the involution of the form
i:x—b—x,

where b is a section of S. Let F be a singular fiber of S. Then we have the following possi-

bilities:

o The fiber F is of type I,. Then i acts on F by symmetry with three fixed points

o The fiber F is of type I, ,,, where k > 1. Then i acts on one of the components of F by
symmetry with two fixed points outside singularities of F and interchanges the respec-
tive pairs of the remaining components. The singularity opposite to the component on

which i acts is fixed

o The fiber F is of type I,,, where k > 1. Then we have one of the following cases:

1. The involution i has two fixed points — two opposite singularities of F and inter-

changes pairs of components of F.
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2. The involution i acts on two opposite components of F by symmetry, interchanges

respective remaining pairs of components — i has 4 fixed points outside singular-

ities of F.

o The fiber F is of type II. Then i has two fixed point together with singular point of F.
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o The fiber F is of type IIl. Then we have one of the following cases:

1. The involution i fixes only singular point and interchanges two components of F.

2. The involution i acts on both components fixing singular point and one more point

on each component — in total three fixed points.

o The fiber F is of type IV. Then i fixes the triple singular point, interchanges two of the
components of the fiber and acts on third component fixing one more point — in total

two fixed points.

6.2.2 Components of the fixed locus of Fix(i)

We shall give a more direct description of components of Fix(i) in the case when i,, i, are
non-symplectic involutions. In this case both curve (possible reducible) C,, C, give 4 : 1

coverings of P!,

C G
4& \A1
I]:D]
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Let us compute the number of irreducible components of C; Xp: C,. Assume that D, and
D, are irreducible components of C, and C,, respectively. Consequently, for each irreducible

connected component C C D, Xp: D, we have the following diagram

/\
\/

where D, — P! is a covering of degree at most 4, for k = 1, 2.
Observation 6.2.4. We have the following cases

1. If D, —» Pl D, —» Plarea : 1 and b : 1 coverings, where gcd(a, b) =1

/\ /\
\/ \/

then C ~ D Xp1 D, and hence we get one component.

2. If D, —» P!, D, —» P! are 2 : 1 coverings, then we have two possible diagrams

/\ /\

'21 I41

\/ \/

then

o D, Xp1 D, has two components, each of them corresponds to the first diagram; in

this case D, ~ D, (as P'-curves) or

e D, Xp1 D, is irreducible.
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3. If D, » P!, D, - P! are 3 : 1 coverings, then we have three possible diagrams

/\ /\ /\

'31 '61 '91

\/ \/ \/

then

o D, Xp1 D, has three components, each of them corresponds to the first diagram;

in this case D, ~ D, and the covering D, — P! is cyclic or

o D, Xp1 D, has two components, one of them corresponds to the first diagram and
the later to the second one; in this case D ~ D, but the covering D, — P! is not

cyclic, or

e D, Xp: D, is irreducible.

4. If D, > P!, D, - P' are2 : 1 and 4 : 1 coverings, then we have two possible

diagrams (and two symmetric one)

/\ /\

'41 '81

\/ \/

then

o D, Xp1 D, has two components, each of them corresponds to the first diagram and

: D, - P! factors through ;. D, — P! or

e D, Xp1 D, is irreducible.

5. If D, » P!, D, - P! are 4 : 1 coverings, then we have three possible diagrams

/\ /\ /\

'41 '81 '161

\/ \/ \/
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then

® D, Xp1 D, has four components, each of them corresponds to the first diagram or

® D, Xp1 D, has three components, one of them corresponds to the second diagram

and the later two to the first diagram or

e D, Xpi D, has two irreducible components, each of them corresponds to the sec-

ond diagram or

® D, Xp1 D, is irreducible.

In cases @ and [5|we can give only necessary conditions in terms of ramification indices.

Finally note that a pair of points in fibers over the same b € P! with ramification indices e,
. . . . N TN . . .. eje)

and e,, respectively give rise to d points in D, Xp1 D, with ramification indices - where

d = ged(ey, ey).

6.2.3 Examples

Beauville surface 1,111,

Consider rational elliptic surface S — P!(¢) given in Weierstrass form
¥ =4x> =38 + 1)x — 81° - 20 + 1.

The discriminant of the right hand side is equal to
3 3
4327 (2: +1+ \/—3) (t-1) (-2: 1+ \/_3> ,

Since 4x3 —3(87> + 1)x — 81° — 207> + 1 is irreducible, we get a 3-section, which is not a cyclic
covering. Therefore the self fiber product has 5 irreducible components; three of them came
from case [Tl another two from case
Since the ramification index of fixed points in I, X I, are equal to 1,1, 1,1,2,2,2,2,2,2.
From[6.2] it follows that
10-2 Z gC)=2-16-4-62-1)+4(1-1)) =8,

CeA(C1Xp1 Gy)

so ) gO)=1.
CEN(CyXp1 Cy)
We can get more precise description of the geometry of the fixed locus of involution

using a monodromy argument. The monodromy representation (computed with function

monodromy from MAPLE package algcurves) is presented in the following table
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&

&

2,3

(1,3)

(1,2)

(1,3)

Table 6.2: Monodromy of Beauville surface L1151,

Therefore the monodromy representation in 2, X X, C X, is given by

0 (2,3)(5,9)(6,11)(7,10)(12, 8)(14, 15)
1 (1, 11)(2,10)(3,9)(4, 12)(5,7)(13, 15)
&5 (1,6)(2,5)(3,7)4,8)(9,10)(13, 14)
§32 (1, 11)(2,10)(3,9)(4, 12)(5,7)(13, 15)
The group G generated by the above four permutations in X4 acts on {1,2,...,16} ina
non-transitive way. In fact the set {1,2, ..., 16} decomposes into a union of five sets

{1,2,...,16} = {1,6,11} U {2,3,5,7,9,10} U {4,8,12} U {13,14,15} U {16}.

The group G preserves each of theses five sets and induces transitive action. Consequently
C, Xp C, decomposes into 5 connected components with degrees of the map to P! equals 3,
6, 3, 3, 1. Over the four branch point C, X, C, we have six ramification points with indices

2. The number of ramification points on the five components equals 4, 12, 4, 4, 0. Hence the

genera equals 0, 1, 0, 0, 0.

Remark 6.2.5. The advantage of this monodromy based approach is that it requires only

knowledge of a Weierstrass equation.
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