
















9

Proof. Note that

a(a+ 2b)2 = a3 + 4a2b+ 4ab2 = 4a2 + b4 + 4ab2 = (2a+ b2)2,

thus

a =
(2a+ b2)2

(a+ 2b)2
and

√
a =

2a+ b2

a+ 2b
.

Therefore
√
a ∈ Q. Moreover x = b is a root of quadratic equation

x2 − 2
√
ax+ 2a− a

√
a = 0.

Simultanously coefficients of these equation are rational, hence its discriminant too.
Thus

∆ = (2
√
a)2 − 4(2a− a

√
a) = 4a(

√
a− 1)

is a perfect square, in particular

∆

(2
√
a)2

=
√
a− 1

is a perfect square, too.
�

Proof. As in the above solution we have that
√
a ∈ Q. Let c :=

√
a, then our

equality becomes c6 + 4c4b = 4c4 + b4. Hence

c2 + 4b = 4 +

(
b

c

)4

=

((
b

c

)2

+ 2

)2

− 4 · b
2

c2
,

so (
2b

c
+ c

)2

= c2 + 4 · b
2

c2
+ 4b =

((
b

c

)2

+ 2

)2

,

thus (
b

c

)2

+ 2 =
2b

c
+ c

i.e.
√
a− 1 = c− 1 =

(
b

c

)2

− 2 · b
c

+ 1 =

(
b

c
− 1

)2

.

�

Proof. As in the previous solutions we get that

√
a =

(2a+ b2)2

(a+ 2b)
,

so we are left with proving that

√
a− 1 =

(b2 − 2b+ a)(a+ 2b)

(a+ 2b)2

is a square of a rational number. Since a is a perfect square of some rational, it is
enaugh to prove that a(b2 − 2b+ a)(a+ 2b) a square of a rational number. But

a(b2 − 2b+ a)(a+ 2b) = a2b2 + a3 + 2b3a− 4b2a =

= a2b2 + 4a2 + b4 + 2b3a− 4a2b− 4b2a = (2a− b2 − ab)2.
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